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Abstract: Weibull distribution function is fitted to a measured wind speed data set at mast height of 30 m and Gharo-
Sindh (Pakistan) is selected as a case site under study. Wind speed data recorded in one minute interval for the year
2004 is used to estimate Weibull parameters (k and c). Weibull parameters are calculated using Modified Maximum
Likelihood Method (MMLM), Maximum likelihood Method (MLM) and Method of Moment (MoM) and the results obtained
are compared. Kolomogorov-Smirnov test, Root Mean Square Error (RMSE) and R’ tests are performed to test the
goodness-of-fit of the Weibull distribution function. The analysis is based on recorded monthly and yearly wind speed
data. Goodness-of-fit tests indicate a better performance of MMLM and MLM as compared to MoM. Wind power density
is estimated for the site under study using MMLM and Weibull function estimator. A lowest Weibull mean wind speed of
3.73 m/s in the month of October and highest value of 7.90 m/s for August are observed and correspondingly power
densities of 80.95 W/m’ and 425.87 W/m” are obtained. Descriptive statistics for the measured wind speed data is also

evaluated.

Keywords: Weibull function, Shape and Scale Parameters, Gharo-Sindh Pakistan, FUUAST.

1. INTRODUCTION

The use of conventional energy resources such as
coal, oil and natural gas for energy production has two-
fold impact. The ever increasing energy demand for
industrial and economic growth has resulted in the
rapid depletion of conventional energy resources and
adverse effects on the environment [1,2]. In the
absence of proper energy policy, the under developed
countries are most affected. As a result the interest in
renewable energy resources for energy production has
increased considerably. Wind is not only plentiful but is
also environmentally friendly and furthermore the cost
of clean energy production is less as compared to
conventional energy resources.

Higher wind velocities and higher acceptable power
densities in various parts of Pakistan such as coastal
areas of Sindh and Balochistan, desert areas of Punjab
and some Northern areas, present amicable oppor-
tunity to setup wind farms. Pakistan Meteorological
Department (PMD) and Alternate Energy Development
Board (AEDB) conducted a number of studies [3-7] to
assess wind energy potential for these areas.

In order to have a reliable assessment of wind
power density for a specific region, an extensive
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investigation of recorded wind speed data and relevant
weather parameters are required. A number of
research groups [8-29] are involved in the assessment
of wind power density for various parts of the world.
This would then lead to a better practical understanding
in those regions for setting up of wind farms and
installation of wind machines for energy production.

2. THEORY

Wind power density for a specific site is calculated
by first fitting a theoretical distribution function to the
recorded wind speed data points. In order to model the
recorded wind speed data, a two parameter Weibull
function is commonly used. The two parameters are
termed as shape (k) and scale (c) parameters [25].
Weibull probability density function f(v) and cumulative
distribution function F(v) are expressed as:

fiv) = ﬁ(fjk exp[—[%ﬂ ®
F(v)=1- exp{—(%)k} 2

where v is the wind speed, k is a dimensionless
parameter and c has the dimensions of speed.
Equations 3 and 4 determine wind power density, P,
and wind energy density, E4, using recorded wind
speeds, whereas equations 5 and 6 determine Weibull
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mean wind speed V, and Weibull energy density Ey,
[26-29].
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where T'() is a gamma function given by
T(x)= [ 1" exp(—t)dt ©)
0

where p, denotes air density (1.225 kg/ms). Weibull
parameters are estimated by the methods given in the
following section.

3. WEIBULL PARAMETERS ESTIMATION
METHODS
In this submission Weibull parameters are

estimated by using Modified Maximum Likelihood
Method (MMLM) (equations 8 and 9), Maximum
Likelihood Method (MLM) (equations 10 and 11) and
Method of Momemt (MoM) (equations 12-15).
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where V,, and o, are estimated Weibull mean velocity
and standard deviation based on Weibull parameters
and for measured wind speed data are calculated using
the following equations, i.e.,

V,=v= —Zv (14)

172
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where v, is the wind speed in the i pin and n the
number of data points (v > 0). f(v) is the frequency of
wind speeds lying in the i" bin, and f(v = 0) is the wind
speed_probability for values equal to or greater than
zero. V and ¢ are the mean wind speed and standard
deviation from mean for measured wind speed data.

4. RANDOM GENERATION OF WIND SPEED
POINTS

Random generation of wind speed data points is
performed by using a cumulative distribution function
having a continuous random variable, R, lying
uniformly in the range (0,1). Wind speed v is generated
by using equation 16 with specific shape (k) and scale
(c) parameters.

17k
V= c{ln(l_an H (16)

5. GOODNESS-OF-FIT TESTS

The agreement between theoretical probability
distribution function and the recorded wind speed data
distribution is tested by using the Kolmogorov—Smirnov
test, Root Mean Square Error (RMSE) and coefficient
of determination (RZ). The Kolmogorov—Smirnov test
statistics Q is evaluated using equation 17 and is a
maximum error estimate between two cumulative

functions.
Q = max[F(v) - G(v)] a7)
where F(v) is the cumulative distribution function

evaluated using specified Weibull parameters and G(v)
is a cumulative distribution evaluated by using either
observed wind speed data or by generated wind speed
data. The critical value Kolmogorov—Smirnov test for
identical sample sizes at 95 % Confidence level is
determined by
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Q95 —W

A Q value greater than the critical value, Qgs,
implies that there is a disagreement between the fitted
model and the recorded time series data under a given
confidence level.

(18)

RMSE is a measure of the residuals of predicted
values from the model and the values actually
observed. A lower RMSE value means a good fit.
RMSE test is given by

n 172
RMSE:FZ(yi —x,.)z} (19)

nig

R® is the square of correlation between the
predicted values and the actual observed values. R?
value is between 0 and 1 and a value closer to 1
indicates a good fit. R’ test is given by

i(y,- _Zi)z _i()’i _xi)z

R2 _ =l i=1 (20)

n

Z(Yi —% )2

i=1

n is the total number of observations, y; and x; are the
observed and Weibull frequencies whereas z; is the
wind speed mean.

6. RESULTS AND DISCUSSION

Gharo is located near the coast of Arabian sea in
the district Thatta Sindh Pakistan. Gharo surface profile

is generally mud flat with no prominent structures and
due to this has a strong unobstructed wind. Gharo is
located at about 30 Km from Bhanmbore city on the
coastal highway (latitude 24" 44.22' N and longitude 67
35.52" E). Wind speed data for Gharo was obtained
from AEDB-PMD, Government of Pakistan. The data
set consists of 527040 data points recorded in one
minute interval at a mast height of 30 m for the period
January 2004 to December 2004.

Analysis is performed in the following manner: One
minute raw wind speed data is first processed by
calculating hourly averages and then segregated into
two groups, a monthly and yearly groups of data points.
Monthly wind speed processed data is analysed and
monthly descriptive statistics of 12 months is given in
Table 1. The table lists number of analysed data points,
mean wind speed, wind speed range, standard
deviation, kurtosis, skewness, power density,
coefficient of variation and confidence level for each
month. In the months from March to September wind
speeds are lying between 5 m/s to 8 m/s and
consequently higher wind power densities are expected
in these months.

Weibull shape (k) and scale (c) parameters are
estimated using three estimation methods (MMLM,
MLM, MoM). Weibull functions are evaluated for
monthly processed and generated wind speed data
using estimated shape and scale parameters. In the
study generated wind speed data points are same as
the monthly recorded number of data points. Weibull
wind characteristics are presented in Tables 2-4 for the
three methods of estimation of Weibull parameters. In
these tables column 2 lists the number of data points,

Table 1: Descriptive Statistics for Gharo-Sindh for Processed Wind Speed Data

Periog | #Data Mf/a” Range G K S PD_ cv c.L.

Points (m/s) (m/s) (m/s) (W/m®) % (95.0%)
Jan 645 4.4617 13.9153 2.5336 2.0376 1.3778 54.3994 56.7864 0.1959
Feb 653 4.7769 11.4313 2.2025 0.8830 0.9922 66.7632 46.1086 0.1692
Mar 695 5.2765 12.5689 2.2174 2.5592 1.4575 89.9801 42.0240 0.1651
Apr 715 6.5192 13.3650 2.4415 0.1907 0.5407 169.7021 37.4513 0.1793
May 721 7.5965 12.6365 2.7269 -0.5036 -0.3939 268.5059 35.8964 0.1994
Jun 698 7.4899 14.6296 3.4077 -0.7805 0.2107 257.3585 45.4972 0.2532
Jul 736 7.3950 11.7931 2.3879 -0.5332 -0.2561 247.6920 32.2910 0.1728
Aug 724 8.1156 14.0391 2.8095 -0.4178 0.0561 327.3893 34.6185 0.2050
Sep 681 5.8242 13.5782 2.5371 0.7518 0.8199 121.0110 43.5612 0.1909
Oct 652 4.4321 12.9412 2.6002 1.2295 1.2844 53.3249 58.6680 0.2000
Nov 647 4.1829 12.4246 2.4081 2.7154 1.6699 44.8280 57.5688 0.1859
Dec 694 4.8309 12.5719 2.3612 0.4850 0.8297 69.0542 48.8774 0.1760
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Table 2: Wind Characteristics Using MMLM for Estimation of Weibull Parameters

Month Hours k ( m"/s) (r;/;“s) (¥7§) (V\ZE’HZ) R? RMSE
Jan 643 1.62 4.59 4.07 2.53 102.58 0.990 3.79E-03
Feb 651 2.04 5.05 4.43 3.62 101.67 0.988 3.65E-03
Mar 693 2.42 6.00 5.27 481 147.49 0.991 6.11E-03
Apr 713 2.78 7.33 6.46 6.24 246.75 0.994 2.25E-03
May 719 2.95 8.28 7.31 7.19 346.12 0.994 4.56E-03
Jun 696 2.22 8.09 7.09 6.18 386.19 0.995 3.25E-03
Jul 734 3.43 8.24 7.33 7.45 323.35 0.993 6.50E-03
Aug 722 3.08 8.92 7.90 7.86 425.87 0.994 3.12E-03
Sep 679 2.17 6.06 5.32 4.56 166.37 0.992 2.56E-03
Oct 650 1.50 4.33 3.87 2.08 98.80 0.988 3.40E-03
Nov 645 1.59 4.20 3.73 2.25 80.95 0.989 6.07E-03
Dec 692 1.87 5.01 441 3.33 109.70 0.990 2.21E-03

Table 3: Wind Characteristics Using MLM for Estimation of Weibull Parameters

Month Hours k (m‘js) (XZ) (Yn"}s) (V\mz) R? RMSE
Jan 643 1.92 5.05 4.44 3.44 108.79 0.990 5.28E-03
Feb 651 2.33 5.40 473 4.24 110.55 0.988 3.22E-03
Mar 693 2.49 5.94 5.22 4.84 140.04 0.991 6.53E-03
Apr 713 2.88 7.31 6.45 6.30 240.78 0.994 2.19E-03
May 719 3.17 8.48 7.51 7.52 361.55 0.994 4.14E-03
Jun 696 2.37 8.45 7.42 6.71 418.38 0.995 2.68E-03
Jul 734 3.55 8.21 7.32 7.48 317.16 0.993 6.59E-03
Aug 722 3.20 9.06 8.03 8.06 439.39 0.994 4.87E-03
Sep 679 2.45 6.57 5.77 5.30 191.52 0.992 2.43E-03
Oct 650 1.85 5.01 441 3.30 110.75 0.988 6.76E-03
Nov 645 1.90 474 4.16 3.19 90.72 0.989 5.46E-03
Dec 692 2.20 5.46 4.79 4.15 119.88 0.990 4.60E-03

Table 4: Wind Characteristics Using MoM for Estimation of Weibull Parameters

Month Hours k (m‘js) (XZ) (Yn"}s) (V\mz) R? RMSE
Jan 643 1.87 5.09 4.47 3.39 114.27 0.990 5.43E-03
Feb 651 2.39 5.45 4.79 4.34 111.72 0.988 4.09E-03
Mar 693 2.66 6.00 5.28 5.03 139.03 0.991 6.99E-03
Apr 713 3.06 7.38 6.53 6.48 241.72 0.994 2.53E-03
May 719 3.23 8.58 7.61 7.65 372.38 0.994 4.48E-03
Jun 696 2.43 8.54 7.50 6.87 425.08 0.995 3.36E-03
Jul 734 3.67 8.29 7.40 7.60 323.28 0.993 3.05E-03
Aug 722 3.37 9.14 8.13 8.24 444.29 0.994 4.34E-03
Sep 679 2.56 6.64 5.84 5.47 192.59 0.992 2.84E-03
Oct 650 1.80 5.04 4.44 3.22 116.92 0.988 5.86E-03
Nov 645 1.84 4.76 4.19 3.11 95.86 0.989 7.14E-03
Dec 692 2.23 5.52 4.84 4.23 122.14 0.990 4.75E-03
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Table 5: Yearly Wind Characteristics for Estimation of Weibull Parameters
c Vin Vinp PD 2
Method Hours k (m/s) (mls) (m/s) (WIm?) R RMSE
MLM 8260 2.18 6.76 5.92 5.10 228.24 0.99366 5.91E-04
MMLM 8260 2.26 7.04 6.17 5.44 250.75 0.99381 5.80E-04
MoM 8260 2.22 6.80 5.96 5.19 229.99 0.99367 5.94E-04

Table 6: The Kolmogorov—Smirnov Test Based on Yearly Processed Wind Speed Data for Three Methods (Qgs =
0.014961, # Points = 8263)

o Estimated Generated

Method Test Statistic Null

Q K c K c Hypothesis

(m/s) (m/s)
MLM 0.000997816 2.18 6.76 221 6.76 Accepted
MMLM 0.000996712 2.26 7.04 231 7.05 Accepted
MoM 0.009995504 2.22 6.80 2.34 6.86 Accepted
columns 3 and 4 list Weibull shape and scale column 1 list methods of estimation of the Weibull

parameter (k and c) values. Columns 5 and 6 list the
Weibull mean wind speed and most probable wind
speeds for each month. Column 7 gives power density
determined using the Weibull function. Columns 8 and
9 list RMSE and R? tests values. The Kolmogorov—
Smirnov test is performed on yearly data. The test is
performed to assess the goodness-of-fit of theoretical
model by evaluating the maximum error between the
two cumulative distribution function, one based on
processed yearly wind speed data points and the other
on randomly generated wind speed data points. Table
5 lists yearly wind characteristics based on the Weibull
distribution function with Weibull parameters estimated
using three methods of estimation. Table 6 lists the
results of the Kolmogorov—Smirnov test. In this table
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Figure 1: Histogram of recorded wind speed data and
Weibull Functions for the month of January.

parameters, column 2 lists test statistics values for
three estimation methods. Columns 3 and 4 list k and ¢
values estimated using yearly processed wind speed
data, columns 5 and 6 list k and c values estimated
using generated wind speed data and column 7 list the
null hypothesis. Figures 1-12 show a comparison
between the histogram of the processed wind speed
data, various pdf and cdf profiles of the processed and
generated wind speeds for 12 months and for three
methods. In general, Weibull pdf and cdf profiles
estimated using MMLM show a better agreement with
the histogram of the recorded wind speed data in
comparison to MLM and MoM. Figure 13 shows a
comparison between histogram of the consolidated
yearly processed wind speed data and pdf and cdf
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Figure 2: Histogram of recorded wind speed data and
Weibull Functions for the month of February.
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Figure 4: Histogram of recorded wind speed data and
Weibull Functions for the month of April.
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Figure 5: Histogram of recorded wind speed data and
Weibull Functions for the month of May.

profiles of the consolidated yearly processed wind
speed data and generated wind speed data. The
values for Weibull parameters (k and c) estimated
using all three methods are approximately similar and a

good agreement is seen between the profiles of
processed and generated wind speed data points.
Figure 14 shows the histogram of monthly wind power
density evaluated using the Weibull function for which
Weibull parameters are estimated by MMLM, MLM and
MoM.
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Figure 6: Histogram of recorded wind speed data and
Weibull Functions for the month of June.
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Weibull Functions for the month of September.

Gharo, Mast Height = 30 m, October -
0.24 Gharo, Mast Height = 30 m, Yearly

0,144 M
et - 1o -

df)

Recorded Wind Speeds
— (VLM

MLM
— MoM

- 1.0

0.124
0.074
-05 -
r05.2

Probability Density Function (pdf)
Cumulative Distribution Function (cdlf)
Probability Density Function (pdf)

Cumulative Distribution Funetion (¢

0.00 L i = 0
] 5 10 15 20
Wind Speed (m/s)

0,005 : . . 0
(1] 5 {1} 15 20

Wind Speed (m/s)
Figure 13: Histogram of yearly recorded wind speed data

Figure 10: Histogram of recorded wind speed data and and Weibull Eunctions.

Weibull Functions for the month of October.
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Weibull Functions for the month of November.

Three methods of estimation of Weibull parameters,
viz., MMLM, MLM and MoM are employed and the
fitted distribution is tested using goodness-of-fit tests.
Following conclusions are drawn from the study.

7. CONCLUSION

The present paper is mainly devoted to the
theoretical fitting of the Weibull distribution function.
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a.

In general, all three methods of estimation show
consistency in estimation of shape and scale
parameters. For each method RMSE test gives
low values and R” test gives values closer to 1.
These tests indicate that all three methods are
suitable for estimation of the Weibull parameters.

In the Kolmogorov—Smirnov test for all three
methods the test statistic, Q value, is less than
the critical value, Qgs, under 95% confidence
level and that the null hypothesis is accepted.
Therefore the theoretical probability distribution
function is in agreement with the recorded data
distribution.

Although the null hypothesis is also accepted for
MoM as a method of estimation of the Weibull
parameters but for this method the magnitude of
test statistic, Q is lower by one order of
magnitude as compared to that of MMLM and
MLM. On a very soft note and in contrast to point
(a) and considering point (b), it can be concluded
from the study that MMLM and MLM are more
suited for the Weibull parameters estimation.
Nevertheless, the null  hypothesis  for
Kolmogorov—Smirnov test is accepted for all
three methods, Weibull distribution function is
appropriate for representing recorded wind
speed data.

Monthly analysis indicates that the months from
May to August are most windy with wind power
densities ranging from ca. 317 w/m? to ca. 439
W/m? based on MMLM and MLM, whereas in
case of MoM wind power densities range from
ca. 323 W/m® to ca. 444 W/m>.

Yearly analysis indicates Weibull mean velocity
of 6 m/s and wind power densities ranging from
ca. 228 W/m® to ca. 250 W/m>.
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