Journal of Basic & Applied Sciences, 2015, 11, 567-571 567

Exceptional Sets for Subharmonic Functions
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Abstract: Blanchet has shown that hypersurfaces of class C' are removable singularities for subharmonic functions,
provided the considered subharmonic functions satisfy certain assumptions. Later we showed that, in certain cases, it is
sufficient that the exceptional sets are of finite (n-1)-dimensional Hausdorff measure. Now we improve our results still
further, relaxing our previous assumptions imposed on the considered subharmonic functions.
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1. INTRODUCTION
1.1. Previous Results

Blanchet [1], Theorems 3.1, 3.2 and 3.3, p. 312-3,
gave the following removability results.

Blanchet's theorem. Let 2 be a domain in R",
n > 2, and let S be a hypersurface of class C' which
divides  into two subdomains (2, and (,. Let
ue C'(Q)NC*Q, UQ,) be subharmonic (respectively
convex (or respectively plurisubharmonic provided (2
is then a domain in C", n>1)) in Q and Q,. If

u, =u|Q, €C(QUS),i=12,and

9y, Oy ™)
—k —k
on on
on S with 4 k=12, then wu is subharmonic

(respectively convex (or
plurisubharmonic)) in 2.

respectively

e
Above n = (n1,...,ns) is the unit normal exterior to

Q,, and u, €C(Q,US), k=12, means that there

exist n functions v/, = 1,...,n, continuous on Q, US,
such that

. ou,.
vl(z) = 8—:52”_(58)
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forall z€Q,, k=12and j=1,...,n.

The following example shows that one cannot drop
the above condition (1) in Blanchet's theorem.

Example. The function v : R> - R,

14+ 2z, when z <0,

Ue) = ufe + ig) = u(a,y) = e

11—z,

is continuous in R? and subharmonic, even harmonic
in R?\ ({0} xR). It is easy to see that u does not
satisfy the condition (1) on S = {0} xR and that u is

not subharmonic in R2.

1.2. Already in [2], Theorem 4, p. 181-2, we have
given partial improvements to the cited subharmonic
removability results of Blanchet. Now we improve our
previous improvements still further, see Theorem and
Corollaries 1 and 2 below. Instead of hypersurfaces of

class C', we will below allow arbitrary sets of finite
(n-1)-dimensional Hausdorff measure as exceptional
sets. Then we must, however, replace the condition (1)
by another, related condition, the condition (iv) in our
Theorem. Moreover, we must also impose an
additional integrability condition on the second partial

derivatives 2t j=1...,n.
Ox

a2 7
7

Our method of proof is rather elementary, thus
natural, with the only exception that we need one
geometric measure theory result of Federer.

1.3. Notation

Our notation is more or less standard, see [2, 3].
However, for the convenience of the reader we recall
here the following. We use the common convention
0-+o0=0. In integrals we will write dz for the
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Lebesgue measure in R¥, ke N. Let 0 < a <n and

ACR", n>1. Then we write H%(A4) for the a -
dimensional Hausdorff (outer) measure of A. Recall
that H"(A) is the number of points of A. LI (Q),

p > 0, is the space of functions u in  for which | u |

is locally integrable on . If z = (z,...,7,) € R",

n>2, and jeN, 1<j;<n, then we write
r = (:r].,X].) ., where Xj = (xl,...,:vj_l,x].Jrl,...,fL’").
Moreover, if ACR", 1<j<n, and ) €R,

X]Q e R* !, we write.

A)) ={X; e R"!
AX))={z; R

— (0
z = (z;,X;) € A},
T = (xj,X?) € A}

For the definition and properties of subharmonic
functions, see e.g. [4-7].

2. AN EXCEPTIONAL SET FOR SUBHARMONIC
FUNCTIONS

2.1. On the Extension of Subharmonic Functions

The following measure theoretic result is essential
for our proof:

Lemma. ([8], Theorem 2.10.25, p. 188) Suppose
that A ¢ R" is such that H"'(A4) < +oco. Then for all
j, 1<j<n,andfor H""' -almostall X, € R""' the

set A(X) is finite.
Our result is:

Theorem. Suppose that Q is a domain in R",
n>2. Let FEFcCcQ be closed in € and

H"HE) < +o0o. Let u:Q — [~o0,+00] be such that
the following conditions are satisfied:

(i) we Ly ().

(i) u € C*(Q\ E).

2
(iii) For each j,1<j < n,a—z el ().
0x”

loc

(iv) For each j,1<j<mn, and for H"!'-almost all

X; € R"" such that E(X,) is finite, the following
condition holds:

For each x?eE(Xj) there exist sequences

all, it € (Q\ E)(X,),l = 1,2,..., such that

FERN N
. 0,1 0,02 0
(iv(a)) T / LT AN z;, and

: 0.1 _ % 0.2
IETOQU(%‘Z X)) = ZEI—FmU(x‘j’l X;) ER,

ou . g1
I—+00 (@7
8mj ’

(iv(b)) —oco < lim Xj) <

ou
lim —(2%2,X ) < 400
l—+o0 8$1( 7, ])

(v) u is subharmonic in Q \ F.

Then u|Q \ E has a subharmonic extension to .

Proof. It is sufficient to show that
fu(a:)Aap(m)dx >0

for all nonnegative testfunctions ¢ € D(Q2). Take
p € D(Q), ¢ >0, arbitrarily. Let K = spty . Choose

a domain 2, such that K C Q, C 51 c Q and 51 is

compact. Since u € C*(Q\ E) and u is subharmonic
in Q\ E,Au(z) >0 for all z € Q\ E. Thus the claim
follows if we show that

fu(:v)Ago(x)dx > fAu(:z:)ap(a:)d:L“.

For this purpose fix j, 1< j <n, arbitrarily for a
while. By Fubini's theorem, see e.g. [9], Theorem 7.8,
p. 150,

&% &
fu(x)ﬁ(a:)dx = f[fu(a:j,X‘j)@(xj,Xj)dxj]de.
j J
Using Lemma, assumptions (i), (ii) and (iii), and
Fubini's theorem, we see that for H"! -almost all
X; e R",

U’( 7Xj) € Eioc(Q(Xj))7

0%u

— (X)) € 0o (X)),
D

E(X) is finite, thus there exists
M = M(X;) € N such that

g M ko okl g _
E(Xj)f{a:j,‘..,:cj }wherexj<zj k=1,...,M—1.
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Let X, € R""' be arbitrary as above in (2). We
may suppose that (X)) is a finite interval. Choose for

each k=1..,M numbers qb € (2\ E)(X;) such

that o, <a¥ <, k=1...M,q , =b, k=1...M~1,

and that a;,b,, € (2\ 21)(X)).

With the aid of (iv) we find for each ! € E(X,)

sequences zi),aV7 € (Q\ E)(X,), 1=12.., for
which
(a) z / IJ,ZL’ N 1: " and

lim w(el), X)) = lim u(zl?,X,)€R,

l—+00 l—+00

(b) —o0 < lim

U kil
I—-+00 g(%yz X)) =

J

Ou ko
<lim, , _— . (z7,X;) < 400
j

Take k, 1<k < M, arbitrarily and consider the
interval (a,,b,.), where a, <x < b, . To simplify the
notation, write a == a, , b:= b, and :z:j = xj . Then

a<z /I,b>l’ \:1: as | — +oo.

Then just partial integration!

b 92 o5 02
/ u(xj-.X})ag)(,\f Xj)dx; = / u(xj, X,)a(p(xj Xj)dxj+
a a j

+[ u(x;, Xj) 7(2() (xj,X;j)dx;
o

0.1 2
i ¢
=, fim ; u(xj, Xj) o (), Xj) dxj+
i b a2(p
+IHT u(xj-X)aﬁ(jX)dAJ
. X 0 X u
JBTDQ|:G u(,\j Xj)a—(,\j X})— a ( X)a/\ (Aj Xj)d)xj +
i (16 b Qu ¢
+lim || X)) 0 x,)fﬂ?f a0 X0) g (X)) )
9P 90
. x) 22 (6.X)) — uta. X)) 22 (a,x,) | +
a; oxj
T 90, o1 251 ou 99 _
+lHr+nm u().j.J,Xj)a J( L Xj) - i 8 X)g’j(/\j,Xj)dAj +
. | aq) 0,2 ou ) aq) }
= tim 3% 52607 Xj)+ﬁghzg_j(a,-,xj)ahu] X;)dx;

— lim
[—+o0 /g ax}'

b u J0
— lim ‘/028/\ ( Xj)g‘j(x]'.Xj)dxj'

[—4o0

0
= {u(b X; )a (b,X;) — u(a, Xj)g(f)j(a,X,-)] +

) au

— N
e a an

I—4oo

(xj-,Xj)(P(Xjan)*Lx.y =

b 92y

b du
= — (%) Xj)@(xj. Xj) = /02 P 2()., X,)(p(xj,Xj)dxj}

— lim
Bk |

[—+oe0

= {u(b,X) (b,Xj) —u(a,X; )gqj(a X; )]

out Ju
+ [E(Q.Xj)(p(a,X]) *g_j(lkxj)@(bsxj)] +
du , o, 0,1 L[ 02 02
- tim | SO0 00| + tim |G K0 <
b 92y
[ 52 i Xi) @l Xj) dx;
J
_ 199 ey — (e x )2 (0 x|
= {u(b.,Xj)gj(b,X]) u(a,X])axj(a,X,)_ +

Ju
; [g,j(a.xmpm,xj) -

du 02 du 0,1 0
[]HT‘”E( RS9k iglfmgj( e X) O(xj, Xj)+

b 92y
a ax%

du T
g‘j(b,Xj)(P(b,Xj) +

(Xj.Xj)(p(Xj.Xj)de

9 9
> {u(b,xj)%(b,xj) ua, X)L

a](aX)_Jr

du du
+ I:axj(a-Xj)(p(asz) *E(b,Xj)(p(b,Xj)

b 32y
s 2( X)) o(x,X;)dx;.

Above we have used just standard properties of
limits and our assumption (iv(b)). Observe here, for
example, that already the assumptions (i), (ii), (iii) and
(iv(a)) imply the existence of the limits

. Ou . o3 0,1

i | 2 X))
0,2 0,2

]LHEOC 6:17 ( J17X )99( JlaX )l

To return to the original notation, we have obtained
foreach £k =1,....M,

b, 2
[ uta, x) T2 x Y >
o I g2 NPT
J
b X )220 x X X
( )8517 (k’ j)fu(akv ]) A(ak* J) +
J J
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ou ou
+ P (a'kaXJ')(p(a’kvXj)_ (bkvXj)QO(mej)

b 8 U
+fak o (2, X,) o, X, )do .

What remains, is just to sum over & :

02 b, 02
f (x],X)axf(:pj,Xj)dzj:f Iu(xj,Xj)a—(’D(xj,Xj)dxj:

a

! i
' J
M
b 2
- Zf(:u(l‘j,X])a—f(:z:j,X])dx] >
=1 637/
M 5
P
= 37l X)) 22 (0,X) = ulay, X)) 22 (0, X)) +
k=1 Ji
M
ou P
Y| 0 X X)) = S (0 X )b, X))
X . -
k=1 j |
M
b 0%
+Zf(: T(xj’Xj)‘P(xﬂxj)dxj =
k=1 ‘8»17]-
by O X)d a U b X d
_f(, )elz;, )xj—faxz(xj PECI®

Above we have used the choice of the numbers

asb, k=1,....M, and the fact that

k!
aby € (2\ )(X)).

Integrate then with respect to Xj and use again the
cited Fubini's theorem:

> ] St et

Summing over
inequality

aX. >
J

82
fu(:rj,Xj)a—;j(xwX )d:c

J

82
Xj)dzj ax; = fa—;(x)qo(x) dz.
J

j=1...,n gives the desired

n 82

Juotids = [ ) ¥ 530w

no52
/ u' (x)dx = fAu,\ (x)dx >0,

concluding the proof.

Corollary 1. ([2], Theorem 4, p. 181-2) Suppose
that Q is a domain in R", n>2. Let ECQ be

closed in Q and H" Y(E) < 4+oco. Let u:Q — R be
such that

(i) ue (),

(i) we C*(Q\ E),

2
(iii) For each j,1<j< n,a—’; el ().
0x”

loc

(iv) For each j1<j<n, and for H"'-almost all

X, € R"! such that (X)) is finite, one has

—00 < hmmf@(x0 -&X,) <
e—0+0 83; J

< limsup— Ou (; O 46X, ;) < oo for each l’? € B(X;),
e—0+0 o,

J
(v) u is subharmonic in Q \ F.

Then u is subharmonic.

Corollary 2. ([2], Corollary 4A, p. 185-6) Suppose
that Q0 is a domain in R", n>2. Let ECQ be

closed in Q and H" Y(E) < +oc. Let Q — R be such
that

(i) uweC' (),
(i) we C*(Q\ E),

2
(iii) For each j,1§j<na—€£1 Q),
dz*

loc

(iv) u is subharmonicin Q\ E.

Then u is subharmonic.
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