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Exceptional Sets for Subharmonic Functions 
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Abstract: Blanchet has shown that hypersurfaces of class C 1  are removable singularities for subharmonic functions, 

provided the considered subharmonic functions satisfy certain assumptions. Later we showed that, in certain cases, it is 

sufficient that the exceptional sets are of finite (n-1)-dimensional Hausdorff measure. Now we improve our results still 
further, relaxing our previous assumptions imposed on the considered subharmonic functions.  
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1. INTRODUCTION 

1.1. Previous Results 

Blanchet [1], Theorems 3.1, 3.2 and 3.3, p. 312-3, 
gave the following removability results.  

Blanchet's theorem. Let   be a domain in Rn , 

n 2 , and let  S  be a hypersurface of class   C
1  which 

divides  into two subdomains 
  1

 and 
  2

. Let 

     
u C

0( ) C
2( 1 2)  be subharmonic (respectively 

convex (or respectively plurisubharmonic provided   

is then a domain in   C
n , 

   
n 1 )) in 

  1
 and 

  2
. If 

     
u

i
= u |

i
C

1(
i

S) ,    i = 1,2 , and  

  

u
i

n
k

u
k

n
k

           (1) 

on S  with    i,k = 1,2 , then  u  is subharmonic 

(respectively convex (or respectively 
plurisubharmonic)) in .  

Above 
    n

k

= (n1

k

,…,nn

k

)  is the unit normal exterior to 

  k
, and 

     
u

k
C

1(
k

S) , k = 1,2 , means that there 

exist  n  functions 
 
v

k
j ,

    j = 1,…,n , continuous on 
  k

S , 

such that  

v
k
j (x) =

u
k

x
j

(x)  
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for all 
   
x

k
,    k = 1,2  and     j = 1,…,n .  

The following example shows that one cannot drop 
the above condition (1) in Blanchet's theorem.  

Example. The function 
    
u : R

2
R ,  

   

u(z) = u(x + iy) = u(x,y) :=
1 + x, when x < 0,

1 x, when x 0,
 

is continuous in   R
2  and subharmonic, even harmonic 

in 
    R

2 \ ({0} R) . It is easy to see that  u  does not 

satisfy the condition (1) on     S = {0} R  and that  u  is 

not subharmonic in   R
2 .  

1.2. Already in [2], Theorem 4, p. 181-2, we have 
given partial improvements to the cited subharmonic 
removability results of Blanchet. Now we improve our 
previous improvements still further, see Theorem and 
Corollaries 1 and 2 below. Instead of hypersurfaces of 

class   C
1 , we will below allow arbitrary sets of finite  

(n-1)-dimensional Hausdorff measure as exceptional 
sets. Then we must, however, replace the condition (1) 
by another, related condition, the condition (iv) in our 
Theorem. Moreover, we must also impose an 
additional integrability condition on the second partial 

derivatives 

   

2u

x
j
2

,     j = 1,…,n .  

Our method of proof is rather elementary, thus 
natural, with the only exception that we need one 
geometric measure theory result of Federer.  

1.3. Notation 

Our notation is more or less standard, see [2, 3]. 
However, for the convenience of the reader we recall 
here the following. We use the common convention 

  0 ± = 0 . In integrals we will write  dx  for the 
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Lebesgue measure in   R
k ,   k N . Let 

    
0 n  and 

A R
n , n 1 . Then we write 

    H (A)  for the   -

dimensional Hausdorff (outer) measure of  A . Recall 

that 
   H

0(A)  is the number of points of  A . 
     
L
loc

p ( ) , 

   
p > 0 , is the space of functions u  in  for which 

  | u |p  

is locally integrable on . If x = (x1,…,xn ) R
n , 

   
n 2 , and   j N , 

   1 j n , then we write 

   
x = (x

j
,X

j
) , where 

    
X

j
= (x1,…,x

j 1,xj +1,…,x
n
) . 

Moreover, if A R
n , 

   1 j n , and 
   
x

j
0

R , 

    
X

j
0

R
n 1 , we write. 

    

A(x
j
0) = {X

j
R

n 1 : x = (x
j
0,X

j
) A},

A(X
j
0) = {x

j
R : x = (x

j
,X

j
0) A}.

 

For the definition and properties of subharmonic 
functions, see e.g. [4-7].  

2. AN EXCEPTIONAL SET FOR SUBHARMONIC 
FUNCTIONS 

2.1. On the Extension of Subharmonic Functions 

The following measure theoretic result is essential 
for our proof:  

Lemma. ([8], Theorem 2.10.25, p. 188) Suppose 

that A R
n  is such that 

    H
n 1(A) < + . Then for all 

 j , 
   1 j n , and for Hn 1  -almost all 

    
X

j
R

n 1  the 

set 
  
A(X

j
)  is finite.  

Our result is:  

Theorem. Suppose that   is a domain in   R
n , 

n 2 . Let   E  be closed in  and 

    H
n 1(E) < + . Let    u : [ ,+ ]  be such that 

the following conditions are satisfied:  

(i) 
     
u L

loc

1 ( ).  

(ii) 
   u C

2( \E).  

(iii) For each 

     

j,1 j n,
2
u

x
j

2
L
loc

1 ( ).  

(iv) For each j,1 j n,  and for     H
n 1 -almost all 

    
X

j
n 1  such that E(X

j
)  is finite, the following 

condition holds: 

For each x
j
0 E(X

j
)  there exist sequences 

    
x

j,l
0,1,x

j,l
0,2 ( \ E)(X

j
),l = 1,2,…,  such that 

(iv(a)) 
   
x

j,l
0,1 x

j
0,x

j,l
0,2 x

j
0,  and 

    
lim

l +

u(x
j,l
0,1,X

j
) = lim

l +

u(x
j,l
0,2,X

j
) ,  

(iv(b))

 

   

< lim
l +

u

x
j

(x
j,l
0,1,X

j
)

lim
l +

u

x
j

(x
j,l
0,2,X

j
) < +

 

(v) u is subharmonic in    \ E.  

Then 
   
u \ E  has a subharmonic extension to .  

Proof. It is sufficient to show that  

    
u(x) (x)dx 0  

for all nonnegative testfunctions      D( ) . Take 

     D( ) , 0 , arbitrarily. Let K = spt . Choose 

a domain 
  1

 such that 
   
K

1
1  and   1  is 

compact. Since 
     u C2( \ E)  and  u  is subharmonic 

in     \ E, u(x) 0  for all 
    x \ E . Thus the claim 

follows if we show that  

    
u(x) (x)dx u(x) (x)dx.  

For this purpose fix  j , 
   1 j n , arbitrarily for a 

while. By Fubini's theorem, see e.g. [9], Theorem 7.8, 

p. 150,  

u(x)
2

x
j
2
(x)dx = [ u(xj ,Xj )

2

x
j
2
(x
j
,X
j
)dx

j ]dXj .  

Using Lemma, assumptions (i), (ii) and (iii), and 

Fubini's theorem, we see that for     H
n 1  -almost all 

    
X

j
R

n 1 ,  

        

u( ,X
j
) L

loc

1 ( (X
j
)),

2u

x
j
2
( ,X

j
) L

loc

1 ( (X
j
)),

E(X
j
)  is finite, thus there exists 

M = M(X
j
) N such that

E(X
j
) = {x

j
1,…,x

j
M } where x

j
k

< x
j
k+1,k = 1,…,M 1.

   (2) 
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 Let X
j
R
n 1  be arbitrary as above in (2). We 

may suppose that (X
j
)  is a finite interval. Choose for 

each k = 1,…,M  numbers 
     
a

k
,b

k
( \ E)(X

j
)  such 

that 
    
a

k
< x

j
k

< b
k
, k = 1,…,M ,

   
a

k+1
= b

k
,     k = 1,…,M 1 , 

and that 
     
a1,bM

( \ 1)(Xj
) .  

With the aid of (iv) we find for each 
   
x

j
k E(X

j
)  

sequences 
     
x

j,l
k,1,x

j,l
k,2 ( \ E)(X

j
) , l = 1,2,… , for 

which  

(a) 
   
x

j,l
k,1 x

j
k ,x

j,l
k,2 x

j
k  and  

lim
l +

u(x
j,l
k,1,X

j
) = lim

l +
u(x

j,l
k,2,X

j
) ,

 

(b)

 

< lim
l +

u

x
j

(x
j,l
k,1,X

j
)

lim
l +

u

x
j

(x
j,l
k,2,X

j
) < +

 

Take  k , 
   
1 k M , arbitrarily and consider the 

interval 
  
(a

k
,b

k
) , where a

k
< x

j
k
< b
k

. To simplify the 

notation, write 
   
a := a

k
, 
   
b := b

k
 and 

   
x

j
0

:= x
j
k . Then  

    
a < x

j,l
0,1 x

j
0, b > x

j,l
0,2 x

j
0 as l + .  

Then just partial integration!  

 

 

 

 

 

 

 Above we have used just standard properties of 
limits and our assumption (iv(b)). Observe here, for 
example, that already the assumptions (i), (ii), (iii) and 

(iv(a)) imply the existence of the limits  

    

lim
l +

u

x
j

(x
j,l
0,1,X

j
) (x

j,l
0,1,X

j
) and

lim
l +

u

x
j

(x
j,l
0,2,X

j
) (x

j,l
0,2,X

j
) .

 

To return to the original notation, we have obtained 

for each     k = 1,…,M , 

    

a
k

b
k

u(x
j
,X

j
)

2

x
j
2
(x

j
,X

j
)dx

j

u(b
k
,X

j
)

x
j

(b
k
,X

j
) u(a

k
,X

j
)

x
j

(a
k
,X

j
) +
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+
u

x
j

(a
k
,X
j
) (a

k
,X
j
)

u

x
j

(b
k
,X
j
) (b

k
,X
j
)

+
a
k

b
k
2u

x
j
2
(x
j
,X
j
) (x

j
,X
j
)dx

j
.

 

What remains, is just to sum over  k :  

u(x
j
,X
j
)
2

x
j
2
(x
j
,X
j
)dx

j
=

a1

b
M

u(x
j
,X
j
)
2

x
j
2
(x
j
,X
j
)dx

j
=

=

k=1

M

a
k

b
k

u(x
j
,X
j
)
2

x
j
2
(x
j
,X
j
)dx

j

 

k=1

M

u(b
k
,X
j
)
x
j

(b
k
,X
j
) u(a

k
,X
j
)
x
j

(a
k
,X
j
) +

+

k=1

M
u

x
j

(a
k
,X
j
) (a

k
,X
j
)

u

x
j

(b
k
,X
j
) (b

k
,X
j
) +

+

k=1

M

a
k

b
k
2u

x
j
2
(x
j
,X
j
) (x

j
,X
j
)dx

j
=

=
a1

b
M

2u

x
j
2
(x
j
,X
j
) (x

j
,X
j
)dx

j
=

2u

x
j
2
(x
j
,X
j
) (x

j
,X
j
)dx

j
.

 

 Above we have used the choice of the numbers 

  
a

k
,b

k
,     k = 1,…,M , and the fact that 

     
a1,bM

( \ 1)(Xj
) .  

Integrate then with respect to 
 
X

j
 and use again the 

cited Fubini's theorem:  

u(x)
2

x
j
2
(x)dx = u(x

j
,X
j
)
2

x
j
2
(x
j
,X
j
)dx

j
dX
j

2u

x
j
2
(x
j
,X
j
) (x

j
,X
j
)dx

j
dX
j
=

2u

x
j
2
(x) (x)dx.

 

 Summing over j = 1,…,n  gives the desired 

inequality  

 

concluding the proof.  

Corollary 1. ([2], Theorem 4, p. 181-2) Suppose 

that   is a domain in Rn , n 2 . Let   E  be  

 

closed in   and 
    H

n 1(E) < + . Let     u :  be 

such that 

(i) u C
o( ),  

(ii) 
   u C

2( \E),  

(iii) For each j,1 j n,
2
u

x
j

2
L
loc

1 ( ).  

(iv) For each    j,1 j n , and for     H
n 1 -almost all 

    
X

j
n 1  such that 

  
E(X

j
)  is finite, one has 

< lim inf
0+0

u

x
j

(x
j
0 ,X

j
)

limsup
0+0

u

x
j

(x
j
0
+ ,X

j
) < +

 

for each xj
0 E(X

j
),

 

(v) u is subharmonic in    \ E.  

Then u is subharmonic. 

Corollary 2. ([2], Corollary 4A, p. 185-6) Suppose 

that   is a domain in   R
n , n 2 . Let   E  be 

closed in   and 
    H

n 1(E) < + . Let   R  be such 

that  

(i) 
   
u C

1( ),  

(ii) 
   u C

2( \E),  

(iii) For each 

     

j,1 j n,
2
u

x
j

2
L
loc

1 ( ),  

(iv) u is subharmonic in    \ E.  

Then u is subharmonic. 

REFERENCES 

[1] Blanchet P. On removable singularities of subharmonic and 

plurisubharmonic functions. Complex Variables 1995; 26: 
311-22.  
http://dx.doi.org/10.1080/17476939508814792 

[2] Riihentaus J. Subharmonic functions, mean value inequality, 
boundary behavior, nonintegrability and exceptional sets. 

Workshop on Potential Theory and Free Boundary Flows; 
August 19-27, 2003: Kiev, Ukraine. In: Transactions of the 
Institute of Mathematics of the National Academy of 
Sciences of Ukraine 2004; Kiev; 1(no. 3): 169-91.  

[3] Riihentaus J. An inequality type condition for quasinearly 
subharmonic functions and applications. Positivity VII,  
 



Exceptional Sets for Subharmonic Functions Journal of Basic & Applied Sciences, 2015 Volume 11      571 

Leiden, July 22-26, 2013, Zaanen Centennial Conference. In: 
Trends in Mathematical Series, Birkhäuser, to appear.  

[4] Helms LL. Introduction to potential theory. New York: Wiley-
Interscience 1969.  

[5] Hervé M. Analytic and plurisubharmonic functions in finite 
and infinite dimensional spaces. Lecture Notes in 
Mathematics 198. Berlin: Springer 1971.  

[6] Lelong P. Plurisubharmonic functions and positive differential 
forms. New York: Gordon and Breach 1969.  

[7] Rado T. Subharmonic functions. Berlin: Springer 1937.  

[8] Federer H. Geometric measure theory. Berlin: Springer 1969.  

[9] Rudin W. Real and Complex Analysis. New Delhi: Tata 
McGraw-Hill 1979.  

 
Received on 14-07-2015 Accepted on 01-10-2015 Published on 4-11-2015 

 
http://dx.doi.org/10.6000/1927-5129.2015.11.75 

 
© 2015 Juhani Riihentaus; Licensee Lifescience Global. 

This is an open access article licensed under the terms of the Creative Commons Attribution Non-Commercial License 
(http://creativecommons.org/licenses/by-nc/3.0/) which permits unrestricted, non-commercial use, distribution and reproduction in 
any medium, provided the work is properly cited. 


