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Solving the Periodic Toda-Type Chain with a Self-Consistent

Source
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Abstract: In this article, we explore the periodic Toda-type chain. The aim of this work is to obtain representations for
the solutions of the periodic Toda-type chain with self-consistent source within the framework of the inverse spectral
method for the discrete Hill equation. An efficient method for integrating the periodic Toda-type chain with self-consistent
source is presented. The results can be used in modeling special types of electric transmission lines.
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1. INTRODUCTION

The Toda chain [1] is a simple model for a nonlinear
one-dimensional crystal that describes the motion of a
chain of particles with exponential interactions of the
nearest neighbors. The equation of motion for such a
system is given by

2
n

dt’

= exp (un—l - l/l”)— exp(un - un+l) s N € Z ’

where u, (t) the coordinate of the n th atom in a lattice.
Using Flaschka’s variables [2]

1 (u”—um) 1,
an = —eXp ’ bn = _an ’
2 2 2

the Toda equation can be rewritten in the form

a.n = an(bn - bn+l)’
Bﬂ = 2((15_1 —af), neZz.

This equation has different practical applications.
For example, the Toda lattice model of DNA in the field
of biology [3]. Moreover, one important property of the
Toda lattice type equations is the existence of so called
soliton solutions. There is a close relation between the
existence of soliton solutions and the integrability of
equations: the known research results show that all the
integrable systems have soliton solutions [4]. Soliton
solutions of the Toda lattice are obtained in the works
[2, 5]. Also, it is well known that the Toda lattice
equation possesses rich families of solutions including
rational solution, solitons, positons, negatons and
soliton—positon, soliton—negaton, positon—negaton (see
[6] for details). The periodic Toda lattice was
considered in the works [7-10].
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Here, we consider N -periodic Toda-type chain with
self-consistent source
d,=a,(@,~a’ )+ a (B, ~B)+a, 30, (A 0[(fL) - () ]+

+a, [0, (L0, Dy, (A0 =y, (Ao, (DA,
E

2N
b,=2a}(b,, +b)-2a;,(b,+b,)=2Y 0, (A.0 [ (a [l ~a, [ )+
i=1
+a, [0, (RO, Gt Wl (M) + 1y, (AW (Ast)]dA -
)
—a,, [0,y Aoy (A +y (AW (A,0)]dA,
E

a, fo+bfi+a,f =L
i 2 i\2 .
a.=a,b =b,(f )=(f),i=12,.,2N, a >0,n€EZ, tER,

n+N

(1)
and the initial conditions
a}l(0)=a3, bn(0)=b3, neZz, (2)

0

with the given N -periodical sequences a, and

b, n€Z. In system (1), function sequences
{a, )", o)., Loy, Loy, ..
ey, {w:h)}:, - are unknown vector-

functions, besides, {f!()}*., and {y:(A,t)}", are the
Floquet-Bloch solutions for the discrete Hill's equation

(L(t)y),, = an—]yn—l +bnyn +anyn+l = }\'yn ’ (3)
normalized by conditions
Yt =1, ff(t)=1, i=1,2,..,2N. (4)

The eigenvalues A, of the Hil's equation are
solutions of equation

A’(M)-4=0,
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where A(M)=0,(A.1)+¢,, (A1), and 8, (A1), n€EZ and
¢, (A1), nEZ are solutions of equation (3) under the
initial conditions

0,0 =1, B,(A,1)=0, y(A,1)=0, ¢,(A,1)=1.

In system (1), E is spectrum of the operator L(0),
and the factor 6,,(A,r) is defined from the equality

N-1

9N+1(7\J)=1_[(7\—M_,-(f))v where u,(¢),w,(#),...,u, (t) are
Jj=1

the roots of the equation 8,,,(A,7)=0.

Currently, the nonlinear evolution equations with
self-consistent sources arouse active interest because
of different physical applications. Usually, the right-
hand side of nonlinear evolution equations with a self-
consistent source integrable by the inverse spectral
transform method consists of terms multiplied by
integral factors depending on all the dynamical
variables. They have important applications in plasma
physics, hydrodynamics, solid-state physics, etc. [7-
13]. For example, the KdV equation, which is included
an integral type self-consistent source, was considered
in [14]. By this type equation the interaction of long and
short capillary-gravity waves can be described [15].
Other important soliton equations with self-consistent
source are the nonlinear Schrodinger equation which
describes the nonlinear interaction of an ion acoustic
wave in the two component homogeneous plasma with
the electrostatic high frequency wave [16]. Different
techniques have been used to construct their solutions,
such as inverse scattering [12, 13, 17, 18], Darboux
transformation [20-23] or Hirota bi-linear methods [24—
26]. Other aspects on integration of nonlinear periodical
systems are presented in [27, 28, 29,30, 31, 32, 33, 34,
35].

The purpose of this paper consists on develop the
scattering method for the periodic Toda-type chain
equation with a self-consistent source. An effective
method of integration of the Toda-type chain with a
self-consistent source is presented.

The considered new system, similarly to [36, 37],
can be used in some models of special types of electric
transmission line.

2. THE BASIC INFORMATION ABOUT THE THEORY
OF DIRECT AND INVERSE SPECTRAL PROBLEM
FOR THE DISCRETE HILL'S EQUATION

In this section we give basic information about the
theory of direct and inverse spectral problem for the
discrete Hill's equation [1, 29].

We start with the following discrete Hill's equation

(Ly)n = an—lyn—l +bnyn +anyn+l = )\'yn ’ (5)

n+N=an’ bn+N =bn’ l’lEZ,

with spectral parameter A, and with period N>0. Let
8,A), n€Z and ¢,(A), nEZ be the solutions of

equation (5) under the initial conditions
8,(M)=1,8,%)=0, ¢,(M)=0, o,(M)=1.

Let A,A,,....,A,, be the roots of equation
AN (M)-4=0.

We define the auxiliary spectrum u ,u,,....,u,_, as
the roots of equation

0y, (M)=0.
As it is known (see. [1]), all A,, i=1,2,..,2N and
w,j=12,..,N-1 are real, the roots u, are simple, but

among the roots A, may occur the roots of multiplicity
two.

It is easy to show, that

AZ(X)—4=(ﬁaj] ]LN[O»—X,).

j=1

el -

eN+l(x)=-a0(ﬂaj) ﬁ(x-uj).

We shall introduce

0j=sign[6,\,(uj)— }, j=L2,..,N-1.

0y (u;)

Definition 1. The set of the numbers u,,
j=12,..,N-1 and sequences of T
j=1,2,..,N-1 is called spectral parameters of the
discrete Hill's equation (5).

signs o

Definition 2. System of spectral parameters
{uj,oj}:l and numbers A, i=1,2,..,2N is called

spectral data of the discrete Hill's equation (5).
It is easy to see that the following statement is true.

Lemma 2. If {x,(A)}", and {y, (w)}>, are

solutions of equations Lx=Ax and Ly=uy,
respectively. Then the identity
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=M)x, M)y, (W =W{x,(\),y,W)}
_W{‘xn—l (}\’)’yn—l (M)}’ n E Z

holds, where
- ‘xn+l ()\‘)’yn (M)] -

W{x, ).y, W)} =a,lx, M)y, (W)

3. EVOLUTION OF SPECTRAL PARAMETRS

In this section, we prove the basic result of this
paper.

Theorem 1. If the functions «,(¢), b,(?), {f,f(t)}fw,

Y (h,t), nEZ are solutions of the problem (1)-(4),

then the spectrum of discrete Hill operator (3) is
independent of r, and spectral parametrs u,(t),

j=12,..,N -1, satisfy the system of equations

o, [[ [, 0=2,0)
i, (0)=-2 :

[T, 0w, | ©)

N+1()\'l’t) N+1()" t)
{b(’“““”zx. w0 L3500 }

where

1%
b ()= Mo EE Mo+ Mg _2Mk(t)) .
r=1

Proof. Let Y @) =),y @), s i),
j=12,.,N-1 denote the orthonormalized

eigenvectors for the corresponding eigenvalues
A=w,@), j=1,2,..,N -1, associated with the following

boundary problem

(L(t)y)n = an—lyn—l +bnyn +anyn+l = }\‘yn ’ 1 =ns N
=0, yy, =0.

In [11], was shown that
N . . . .
(0= ¥ Q2a, (0L, + b))
n=1

Using (1), the last equality can be rewritten as
follows

N
‘uj (t) = Ez[an(ai-l - aj—])+ a (bjn - bz )]y y77+] +

n=1

+2 [za ( n+l + bn) - zaj—l (bn + bn—l )](yr/t)z +

n=1

+2{E[2a B (s D) = (£ }

n=l1

=

1
+

n

E 26,0, (A0S 1)) = 20,0, ot NFL D) ]}

i=1

Me

+

3
T

+

n=

{20 DY (DY, (A0 =y, (MDY, (4, t)]a’)»}y”ym+
{a O, (A 0y (A O+, (MDY, (A, t)]dl}(y ) -

2{ v J B, e, Rty (At + 1y (A (A r)]dx}u )

n=1 E

For convenience, let us put

G/ (A1) =0, (303 {24,012 (£ I, +

n=1

R2a,(fL LD =2a,,(fLIDG )

FI0) = 3124, [0, 0w () =9, )W )Tyl +

n=1

+3{ @, [0 L, Q)+, W DT =

N

= S { @, 0w, O+, O, LD

n=1
2[a (an+l - a:—l)+ an(bril - bz)]y yn+l +

+2a;(b,, +b,)-2a, (b, +b, )]

We will find sequences u,, that u,,,-u,=H,. We
seek for u, as follows
un =An(y){)2 +2’Bny)jzly;{+l +Cn(y£+l)2 ’ (7)

where A =A(t,u;),B,=B,(u;) and C, =C,(t,u;) are
unknown coefficients yet.

Due to

. 1 , :
y,€+2 = a_ [(M] - bn+1 )yrjx+] - anyljx]

n+l
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we have

(Am—l - Cn )(y1:+] )2 - A}’l(yii )2 - 2Bny;£y;1/+l

2B . . , ,
+—=y =6,y - a1+

n+l
C ; 2C
+%+1(Mj _bn+1)2(yi+l )2 _Tm—l
an+1 an+1 (8)
. C ) )
an(“‘j _bml )yiyzfﬂ +#+laj(yi)2 = H

n+l

n

From the equality (8) we get

a(u "
n+l _M n+1 = an(an+] _an l)+a ( n+l b:) ’ (9)
n+l n+l
2u.-b) (u,-b) a
-C + j n B + J n C +—=2C
SRR (10
—261 ( n+1+bn)_2a:—l(bn+ n- 1)

It is easy to check that

C, =2a’ . +b,), B,=a (a —a§+bnz—u§)

n-1

are solutions to the system (9) and (10). By virtue of
(7), we obtain

N
‘uj(t) = Ez[an(ajH - aj—])+ a (bjn - bz)]y yr/+] +

n=1

+2[2a (b, +b)=-2a’ (b +b (¥
+E G/ (At)+ [0, (A F/ (At)dh =

2N

Cra(h) =CD* + X, G/ (A1)
i=1

+féN+1()‘>t)Fj()b,t)d)u =
E

= 2a; (u, () + BN = ()]

11
+EG’(A N+ f 6, (A0 F (A t)dA an

i=1

Using the form of Gj()»,t) and F/(\,1), we find that

G/(A1)=0
N

E[zanfnily}:n(yi ni+1 - yinfni) + Zanﬁiy}:(yifnil B f):yiﬂ)] =

n=l1

(A0

N+1

= eN+1 ()\‘z ’t)|:22 fn+1yn+1T + 22 f;1+1yn+1 n+l

= éN+1 ()\‘1 ’t)|:22 f;li+1yrj1v+l (Tn + n+l ):|

n=1

N
=20,,, (1) (T,,-T)T,,+T,)
N+l g%—u,-(l) 1 1
2éN|(}""t) 2 2 ,
= N (72 T
}\‘i_u‘j(t) i 1

where T, =a, (y/f., -y, f)). Thus, we get

25N+1(7»,-J)a§ )
-, (1)

(V) =) (12)

G/ (A1) =

(V) =),

2aO

A—w, ()

F(h, t)—

Substituting (12) in (11), we derive
1, () =24,[(v3)" = (7))’

N 9~N+1()b,-af) N+I(}\' t) %)
{Mf(t)+bl(t)+27u.—u.(t)+f)‘ w0 }

By virtue of the equalities

! i\ dej
0 @ =2

o - S0 -a0%00,
n=1

(69 63)°

H Hz | H Hz |

we can write the equation (13) in the form

() =

)=

: 1
2a,| 0] (u (D.) =
“"( i eg(u,f(r>,t))
p(t)= y :
Ol (14)
(A1) (A, t)
t b t N+l i N+l
{ o ()+EA. 0 f}» 1,0 }
It is easy to check that
: 1
0 (W, (1),1) - ————=0,(t){| A*(u, (1) -4, 15
(0= = O 0) (15)
0 (M), = ao(ﬂak) H(u,(r) ), (16)
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where o (1) = sign (03, (;(1).) = ¢4, (W, (1).1)) , j=1,2,...N-1.

Substituting (15) and (16) in (14) we obtain equality
(6).

We now show that A, () is independent of ¢. Let
{g,f(t)} be the normalized eigenfunction of the operator

L(t) corresponding to the
k=1,2,..,2N ,i.e.

eigenvalue A (1),

k k k k
an—lgn—l +bngn +angn+l = )\‘kgn )

By differentiating the last identity with respect to ¢,
multiplying by g* and summing over n we get

dan,

= E(za (t)gngn+l +bn(t)(g’lj )2) ' o

n=1

Using the equation (1), we can write the equality
(17) as

h(0)=2Ya,(a;, ~a

n=1

)+a (bn+] )]gﬁgin +

+2 [2a’(b,, +b)-2a’ (b +b )l(g')
=l . (18)
+E G/(A1)+ f 0., (A1) F/(A1)dA

i=1

Similarly to (13), from the equality (18) we get
A()=0 . The theorem is proved.

Corollary. If N=2p and the number p is the
period of the initial sequences {a’} and {b"}, then all

roots of the equation A(M)+2=0 are double roots.
Because the Lyapunov function corresponding to the
coefficients a,(t) and b,(t) coincides with A(M\),

according to the analogue of the Borg inverse theorem
for the discrete Hill equation (see [38]), the number p

is also the period of the solution a,/t), b,(t) with
respect to the variable n.

4. CONCLUSION

Theorem 1 provides the method for solving the
problem (1)-(4).

(i) Solving the direct spectral problem for the
discrete Hill's equation with {a’} and {b’} the
spectral data A, i=12,.2N and
yj(O), oj(O),j=1,2,...,N—l are obtained.

(i)  Using the result of Theorem 1, we find the

Mj(t)’ Gj([)’j=1:2a-~-aN_l

(i)  Using the algorithm which is presented in [29],
we calculatea (t),b (t) and hence {f! (1)},

Y, (A,0).
5. EXAMPLE

Let us illustrate the application of the main theorem
for solving problem (1) - (2) with the initial conditions

(a2)2=%—(—1)"§, b!=0,nEZ.

In this case,

N=2, A, ==3, A, =-1, A, =1, A, =3,
u,(0)=0, 0,(0)=1.

Using steps of conclusion, we obtain

2 _g_l 2 _(_ n@ 2 _ 2 _
an(t)—2 2M(t) -1 > Ju ©-Dein-9),

b,(t)=(-1)"w(), n€Z,

A -3 (0) -0V () -9 () -1

2a,(1)(h = (1)) ,
fl=1,k=1.2.34

fi 0=

where u(¢) can be determined from the equation

d!;@ ~120(W (-0 ()OO -1’ (1)),

with the initial conditions w(0)=0, o(0)=1, and the
function o(¢) changes sign in each collision of the point

u(r) with the ends of the gap [-1, 1]. Introducing the

transformation u(¢) =sinx(#), and using the equality
sign o(t)-sign (cosx(t))=0(0),

we obtain
a’(t)= S lsin2 x(t)-(=1)" écos x(0),[1- (1)2 sin” x(¢)
" 2 2 2 3 ’

b,(t)=(-1)"sinx(t), n€Z,

f"(t)= —sin® x(¢) - cosx(t)y/9 — sin® x(¢)

2a,(t)(\, —sinx(t)) )
fl=1,k=12,3,4
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where x(¢) is the solution of the Cauchy problem

x(t)==36,[1- (%) sin® x(¢) ,

x(0)=0.

It is known that (cm. [39])

1
x(t)= am(—36t,§) ,

here am is the Jacobi amplitude function. Therefore,

a,(t)= 3 -lsnz (-36;,1)-(-1)" écn (-36;,1)dn (—36t,l) ,
2 2 3 2 3 3

b,(t)=(-1)" sn(—36t,%) ,

fy @)=

}\i —sn® (—36t,1) - 3cn(—36t,l)dn(—36t,l)
3 3 3

5

2a, (t)[}\k —sn (—36t,;)]

o =1,k=12,3,4,

where sn, c¢n and dn are the Jacobi elliptic functions.
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