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1. INTRODUCTION

In this article, we consider the second kind Fredholm
integral equation

x()- [ ke.5)x(s)ds = f(1). 1 E[-1.1], (1.1)
and the Hammerstein equation
x(t)—f_llk(t,s)lp(s,x(s))ds=f(t), te[-1,1], (1.2)

where k() and f() are known functions in the
integral equations (1.1) and (1.2) and (-, x(-)) is known
in the integral equation (1.2), and x is the unknown
function in both the cases to be found in the Banach
space X =(C[-1,1]. It is well known that there are
numerous numerical techniques available to find the
approximations to integral equation solutions, including
the Galerkin, collocation, and Petrov Galerkin methods.
[1] has found that the iterated version of Galerkin and
collocation methods  provide more  accurate
approximate solutions to the solution x than the
Galerkin and collocation approximations. This iterated
technigue was also extended to Petrov Galerkin

methods, discrete  Petrov  Galerkin  methods,
degenerate kernel methods and new projection
methods (see [2-8]). Lardy in [9] presented an

alternative to Nystréom’s method. Kumar and Sloan [6]
proposed a new type collocation methods and its
superconvergence properties were studied by Kumar
[10]. Han [11] also offered an extrapolation of a
discrete form of a collocation-type method. Brunner
[12] talked about the relationship between Kumar and
Sloan’s method and the iterated spline collocation
method for Hammerstein equations. Kaneko and Xu
[13] devised a degenerated kernel approach for
Hammerstein equations. Kaneko and Xu [14]
established the superconvergence of the iterated
Galerkin solutions for the Hammerstein equations with
smooth and weakly singular kernels. Kaneko and Xu
[2] established the superconvergence of the iterated
Galerkin solutions for the Hammerstein equations with
smooth and weakly singular kernels.

In this article, we consider the degenerate kernel
method, which plays an important role in the study of
the second kind Fredholm integral equations. Let K
and K% be the compact linear and non-linear integral
operators. We assume that 1 is not an eigenvalue of
K and K% . The degenerate kernel method for
approximating the solutions of the equations (1.1) and
(1.2) consist of replacing the kernel by the finite rank
approximation. In particular

k,(t,s)= SAI.(t)B,.(s), (1.3)
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where A and B are in X . The approximate solution of
the integral equation (1.1) and (1.5) are given by

x,(0)= [k, (.9)x(s)ds = f(0), (1.4)
and
2,0 [k, (s x()ds = f(1). (1.5)

2. LEGENDRE DEGENERATE KERNEL METHOD
FOR LINEAR FREDHOLM INTEGRAL EQUATION

In this section, we discuss the degenerate kernel
method and iterated degenerate kernel method for
linear Fredholm integral equation based on Legendre
polynomial basis functions and obtain the convergence
results. Let C[-1,1] be the Banach space of all
continuous functions defined on [-1,1] with the uniform

norm. Consider the following linear integral equation:

x(t)—f_llk(t,s)x(s)ds:f(t), tE[-11]. 2.1)
Let
Kx(t):f_]lk(t,s)x(s)ds, tE[-11]. (2.2)

Then the integral equation (2.1) can be written in
operator form

x@t)-Kx(t)= f(@), t €[-1,1]. (2.3)

Let X, =Span{g,.9,.....¢,} be the sequence of

Legendre polynomials subspace of X of degree r and
Y, =Span{¢,.¢,.....¢,+ be the sequence of Legendre

polynomials subspace of X of degree r. Where
{®y.9,,....¢,+ and {¢,.¢,.....,¢,+ form orthogonal basis

for X, and Y, , respectively. Here {¢,} and {¢;} are
given by

L0000 = 2L o), 1 =00,

here L's are the Legendre polynomial of degree =i.

These Legendre polynomials can be generated by the
following three-term recurrence relation

@,(s)=

L,(s)=1, Li(s)=s, s€[-1,1],
and
@+1DL,, (s)=Qi+1)sL,(s)-iL_(s),i=1,2,....n-1.

Let L, be a projection of C([-1,1]1x[-1,1]) onto

X, xC(-1,1), where X is an n-dimensional
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subspace of C[-1,1]. Similarly, let M  be a projection
of C([-1,11x[-1,1]) onto C([-1,1))xY , where Y is an

n? n

n -dimensional subspace of C[-1,1].

Define

Rk(x,y)=k(x,y)- L k(x,y), (2.4)
and

R k(x,y) = k(x,y) = M k(x,y). (2.5)

Then Lk and M k provide two degenerate kernels
that approximate partially k(x,y) with respect to x and
y, with respective errors Rk and Rk. Then LM k
gives a complete approximation of k(x,y) in both x

and y, with error term
R(LM )k=Rk+Rk-RREk. (2.6)

Thus, the rate of convergence depends on the
approximation powers of L and M .

In order to enhance the speed of convergence, we
define the Boolean sum of L and M by

L®M =L +M -LM,. (2.7)
Then (L, ® M )k approximates k with the error

R(L,®M )k=RRk. (2.8)
Suppose that for each =n=1, k() is an

approximation of the kernel k(z,s), and it's degenerate
kernel form

k) =3 Sa,6,00,),

i=l j=1

(2.9)

where {g,}", is a set of linearly independent functions
in C[-1,1].
Let

Kx(0)= [ k,(t.5)x(s)ds. (2.10)
The approximate solution x, of the integral equation

(21) can be found by solving the following
approximation equation
x,-Kx =f. (2.11)

Substituting &, from the equation (3.4) in the equation
(2.11), we obtain
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503,000,635, (5)ds = )

i=l j=1

x,(1) =2cp,.<t){2 [ a,0,(5)x,()ds}+ f(0). (2.12)
Suppose

¢ = E [ a,0,5)x,(s)ds. (2.13)
Then x, can be written as

%m=fm+§qnm. (2.14)

i=1

Substituting equation (2.14) in the equation (2.13), we
obtain

¢ = E [ a0, 6+ Sep(s)yds

C - Ec,zf_llai,wj(s)(pl(s)ds = Ef_llaij(pj(s)f(s)ds, l=si=n.
=1 j=1 j=1
(2.15)
Once we get the ¢/'s from (2.15), we obtain the desired
approximate solution x, from (2.14).

We define the iterated approximation corresponding to
the equation (2.1) by

X, =f+Kx,. (2.16)
lemma 1 Let k(,))EC""(0,1) be the kernel of the
integral equation (2.1) and the integral equation K be
defined by (2.2). Let the operator K, be defined by

(2.10). Then there holds

o™, if k, =L.M k,

K- K, ). = L (2.17)
on™"),if k,=(L,®M )k.
Proof. Consider
||(K—Kn)x| Lc = sup [(K-K, )x(s)!l. (2.18)
SE[-1,1]
Let
[(K-K,)x(s)l=l f_ll[kn (t,s)—k(t,s)]x(s)ds| (2.19)

Case-I:- Let &, (t,5)=L,M k(t,s) , we obtain
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[(K-K,)x(s)I=l f_ll[LtMX —11k(t,s)x(s)ds |

s|[LM, - 1TkC)

(2.20)

2| Pdl2 = Cn 7|2
This implies

KK =K )], < Cn | (2.21)
Case-ll:- Let &, (t,5)=(L, ® M )k(t,s) , we obtain

|(K ~K)x(s) = [ [L,® M, ~1k(t.5)x(s)ds]

:| f_ll[(Lt + M.v - LtMS)_ I]k(t,s)x(s)ds |

<|(L,+M, - LM -Dk(,)

|
L2|| 12

<||(7 = L) = M k()

|
L2H 12

<Cn ||k,

(2.22)

2Pz -
This implies

||(K -K, )x| Lc < Cn’2'|’x| |L2 . (2.23)

This completes the proof.

Theorem 1 Let the integral operator K be defined by
(2.2) and the integral operator K, be defined by (2.10).

Suppose that 1 is not an eigenvalue of K, then 3 a
finite constant M >0 such that H(I—Kn)"H <M <,

Proof. We need to show that K, is norm convergent to
K in the uniform norm.

From Lemma (1), we have

o™, if k,=L.M k,
= f : (2.24)

[k - K, ) s
o™ ), if k, =(L,® M )k.

oo

This implies ||[K-K,||. =0 as n—o. Since 1 is not an
eigenvalue of K. Hence from the analysis of [15],
IM >0 such thatH([—K,,)"H <M.

This completes the proof.

In the following theorem, we discuss the convergence
analysis of degenerate kernel method.

Theorem 2 Let x be the exact solution of the integral
equation (2.1) and the approximate solution x, be
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defined by (2.11), then we find the following error
bounds in the degenerate kernel method

on™), if k,=L.M k,
= : (2.25)
o™ ), if k, =(L,® M )k.

[P - x,

oo

Proof. From equations (2.3) and (2.11), we have
x-x,=(I-K)'f-(I-K,)"f

=(I-K,)'[I-K,-1-K]I-K)"f

=(I-K,)"(K-K,)x. (2.26)
Hence

e =x,|[, <7 = &,07| | llck = K, - (2.27)
Now using the Lemma 1 and Theorem 1 in the
estimate (2.27), we obtain

o)l Mk -k =] OV TREEME o 08

omn™),if k,=(L,®M )k.

This completes the proof.

In the next theorem, we discuss the order of

convergence in iterated degenerate kernel method.

Theorem 3 Let x be the exact solution of the integral
equation (2.1) and the approximate solution %, be

defined by (2.16), then we find the following error
bounds in the iterated degenerate kernel method

o(n™), if k,=LM k,

k-], = , (2.29)
o(n™"),if k,=(L,®M )k.

Proof. From equations (2.3) and (2.16), we have

x-X =K(x-x,)

=K(I-K)'(K-K,)x,

o= %[, <7 = K)7|| [|K (K - K,)x, |, (2.30)

Now we evaluate the error bounds for K(K-K,)x, in
the uniform norm.

Consider

IK(K-K,)x,(s) =l f_llk(t,s)(K -K)x, (s)ds|
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= [ k.5) [ [K(s.8) = k,(5.8)lx, (5)dEds |

= [ k) (5.8) - &, (5.8)Dx, ()dEds |

Let @, (t,s)=k(t,5)x,(s) and let

z,uﬂ(s,z;:):Ef:lzjzlbijw[(s)qaj(g) be any element in
k

X,xY, . Then since . is the

approximation of &,

least-squares

I [ (5 01k 5) -k, (1.9)1dsdE =0, (2.31)
therefore

KK =K, )2, [ [ [0,6.8)-y,.8)]

[k(5.8)~ k, (s.8))dE ds |

<k, (5.8) =, (5.5 o Jk(5.8) ~ &, (5.8 |2

) owm™), if k,=LM k, 2.32)

o™, if k, =(L,® M )k.

Using the estimate (2.31) in the estimate (2.30), we
have

o(n™), if k,=LM k,
O(n™),if k,=(L,® M )k.

(=3 (2.33)

oo

This completes the proof.

Remark 1 In the above section, we have discussed the
degenerate kernel method and iterated degenerate
kernel method in the two cases when k, =L M k and

k,=(L,®M )k . From Theorems 2 and 3, we have

seen that the order of convergence in iterated
degenerate kernel method improves over degenerate
kernel method.

3. LEGENDRE DEGENERATE KERNEL METHOD
FOR FREDHOLM-HAMMERSTEIN INTEGRAL
EQUATION

In this section, we discuss the degenerate kernel
method and it's iterated version to obtain the error
analysis for Fredholm-Hammerstein integral equations.
Consider the following Fredholm-Hammerstein integral
equation:

x(t)- f_llk(t,s)tp(s,x(s))ds =g(t), t€[-1,1]. (3.1)
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Let

KW (x)(t)= f_llk(t,s)lp(s,x(s))ds, te[-1,11. (3.2)

Then the integral equation (3.1) can be written in
operator form

x(t)— KW (x)(t) = g(1). (3:3)
Suppose that for each k,(t,s) is an
approximation of the kernel k(z,s), and it's degenerate
kernel form

nz=1,

k,(£,9)= ) Y a,0,()p,(s), (3.4)

i=l j=1

where {g,}", is a set of linearly independent functions
in C[-1,1].

Let

KW @)= [k, (.op(s.x(s))ds. (3.5)

Let x, be the approximating solution of the integral
equation (3.1). We denote the approximating equation
by

x,-K¥(x,)=g, (3.6)
The equation that one must solve is the following
2,0 [k, (s, (5)ds = g(t), ~1st =1, (3.7)

Following analogously the development made in (3.4)
and (2.12) with

¢, = Ef_llaij(pj(s)lp(s,xn(s))ds. (3.8)
x, can be written as
x,(1)=g()+ Y., (1), (3.9)

Substituting (3.9) into (3.8), we obtain the following n
nonlinear equations in n unknowns c,,c,.....c, .

¢ = Ef_llaij(pj(s)w(s,g(sH Ec,(p,(s))ds, l<i=<n. (3.10)

We define the iterated approximation corresponding to
the equation (3.1) by
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X, =g+KW(x,). (3.11)

In the following theorem, we discuss the error analysis
in degenerate kernel method.

Theorem 4 Let x be the exact solution of the integral
equation (3.1) and x, be the approximate solution of

the equation (3.6). Then the following holds

om™), if k,=L.M k,
o™ ),if k, =(L,® M )k.

[P - x,

(3.12)

oo

Proof. First we need to show that H(I—(KH'I’)’(X))"H
exists and bounded.

For this, we need to show that
(KW Y(x) = (K¥Y(x))||, =0 as n—o.

Consider

(K, W) ()= (K¥)'(x) =

Sl sy (5. 65) = k(1,50 (5. x(s)1ds

= [ [k, (1.5) = k(2.)ly " (5.x(5))ds

<k, (£,) = Kt N o[ x| - (3.13)

Since k, is the least square approximation of k. Thus

we have
||(Kn'If)’(x))—(K'I/)’(x))\ L —0as n—>x. (3.14)

Since 1 is not eigenvalue of (K¥)(x) and from [15],
there exists £ >0 such that H([—(Kn'l’)’(x))’le <L.

From equations (3.3) and (3.6), we have
x,—x=(K¥)x,)-(K¥)(x)
=(K,¥Y)(x,) - (K,W)(x)+ (K ¥)(x)-(K¥)(x)

=(K,¥)(x,) = (K,¥)(x) - (K,¥) (x)(x, - x)+
(K, ¥) (x)(x, = x)+(K,W¥)(x) - (K¥)(x).

This implies

(= (K¥) ())(x, —x)=(K¥)(x,) - (K¥)(x)-
(K, ¥) (x)(x, = x)+ (K, ¥)(x) - (K¥)(x).

Hence
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x, = x+(1=(K¥) () [(K,¥)(x,)-
(K, %)(x) = (K, %) (x)(x, —x)+ (K, ¥)(x) - (K¥)(x)]

=A,(x,),
where

A, =x+I = (KW (0) " [(K,¥)(0) -

(3.15)
(K ¥)(x)= (K, W) (x)(v=x)+(K,¥)(x)-(K¥)(x)].

From above, it can be seen that x, =(K,¥)(x,) iff
A,(x,)=x, . Next we show that A, :B(x,0)— B(x,), for
some d >0 is a contraction mapping.

Now to prove A, (B(x,8)) € B(x,d). For this, Vv &€ B(x,0)
and from equation (3.15), we obtain

A, =x=-(KW¥) () (K¥))-
(K,W)(x) = (K, %) (x)(v=x)+(K,¥)(x) - (K¥)(x)]

=(I=(K, %) ()" H{(KP) (v+6,(v=x) -

, (3.16)
(K W) ()} =-x)+(K¥)(x)-(K¥)(x)].

Since y, =v+6,(v-x)EB(x,0),0<6, <1 and using the
estimate (3.16) and Mean value theorem, we obtain

IrA,(v)-xll,

<1 (= (K, %) () K W) ()= (K, W) (03 (v = x)]
I, +1(7 = (K, W) ()" [(K,¥)(x) = (K¥ )0,

< LGy, —xU lv-xIl, +Ln™

< LC,Nv-xIP +Ln™ (3.17)

r

Since n —0 as n—x, we select n sufficient large
so that n” <> and & small enough such that
(£L(C,+1)d) <1, then from equation (3.17), we obtain

1A, (v)—xll < (LC,0+ L£5)d < 0. (3.18)
It follows A, (B(x,0)) € B(x,0).

Next we show that A, is a contraction mapping. Let for
any n,,m, € B(x,0) and using the estimate (3.16), we
obtain

1A, ()= A, )1,

=I1(7 = (K, ¥ () [(K,¥)10,) = (K, W) (x)(1, - x)
=(K, %))+ (K, W) (x)(n, - )],
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= LI(K,W)(1n) - (K¥)0,) - (K¥) (), -ny) L,

= LU(K,W) (1, +6,(n, =m,))(10, —1,) = (K¥) (), -m,) .
= LI(K,W) (1, +6,, =ny)) - (K, F) ()Ll —n, I,
=LCHln, -n, .

We select 6 very small such that £C,6 <1, it follows
1A (m)-A M), <l -n, 1, . (3.19)

It shows that A, :B(x,0)— B(x,0) is a contraction
mapping. Hence from Banach contraction principal, A,
has an isolated solution x, in B(x,d) .

From equations (3.3) and (3.6), we obtain

x(1) = x,(6) = KW ()(1) - K, (x,)(1)
= [ k(s yps, x(5) = K, (2,505, x, ()ds

= fl [k(t,s)—k, (t,5)p(s,x(s))ds +

o (3.20)
I [w(s,x(s)=w(s,x, (sNIk, (1,5)ds
This implies

[P - x,

, <[lk-&,

L I[k

n

12

ol + 2] -,

(1-v2B)|x-x,

, =|[k-%,

2 ||w| |L2 (3.21)

Hence using Theorem 1, we obtain

Cn”, if k,=L.M k,

|be-x,
Cn™if k,=(L,®M )k

| =
b

on™), if k,=L.M k,
= o Y (3.22)
o™, if k,=(L,® M k.

This completes the proof.

In the following theorem, we discuss the error bounds
in iterated degenerate kernel method.

Theorem 5 Let x be the exact solution of the integral
equation (3.1) and %, denote the iterated approximate

solution of the equation (3.11) in iterated degenerate
kernel method. Then the following holds

om™), if k,=LM k,
= ’ (3.23)
O(n™),if k,=(L,® M )k.

||x—5cn

oo
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Proof. From equations (3.3) and (3.11) and using Mean
value theorem, we obtain

x-X, =K% (x)-K¥(x,)
=(K¥) (x+6(x, - x))(x, - x)
=[(K¥) (x+0(x, —x) = (K¥) (x)+(K¥) (0)](x, - x),(3.24)

where 0 <0 <1.

Hence using the assumption , we obtain

||x—in|L s||[(K‘I/)’(x+6(xn -x)—(K?)Y (x)I(K¥W) (x)(x, —x)|L
+||(K‘I/)'(x)(xn —x)| Lo

<[lpCx, -,

X, — x| |oo +| |(KlI’ ) (x)(x, - x)| L

< |, = 2| +[(K® Y (x)x, =) - (3.25)

Again from equations (3.3) and (3.6), we obtain
x,—x=KW¥(x,)- K¥(x)

=KW (x,)- K,V (x)-(K¥) (x)(x, -x)+(K¥) (x)(x, - x)
+K W (x)- KW (x)

(x,—x) =KW (x,)-K¥(x)-(K¥)(x)(x, -x)+ KW (x)- K¥(x)
=[(K,¥) (x+0(x, - )= (K¥) (0)](x, - x)+[K, W (x) - K¥ (x)]
X, =x=[1=(K,¥Y (I [(K¥) (x+0(x, =)= (K,¥) (0)(x, - x)
HI = (K¥) (O [(K,¥)(x) = (K¥)(x)] (3.26)

From estimate (3.24), we obtain

[(K®Y (), = 0|, = o (KPY L = (K, Yol || [Fe-x,

2
oo

H[(KWY LT = (K, W) o 'K, (x)- K (o) |

M| 2 ‘(K'I’)'(X){I +[1=(K,¥) ()"
= X=X, Lo ,

(K, ¥) (0)}HK,W(x)- K¥P(x0)]|],
< M|x—x,|[ +[[(KP)IK, - KW ()|,

+[(K® Y = (K, WY T (K, W) (K, W )0) - (K] (3-27)
Consider

[(K,P) (OLK,)(x) - (K¥)(x) 1=l
f_llk(t,s)lp(o")(s,x(s))(K" - K)¥ (x)(s)ds|

=1 [ k(s (5.1 [ [k, (5.6) = k(5. E)(E. x(E)dE ds |



Journal of Basic & Applied Sciences, 2022, Volume 18

= [ [ ks (. x5k, (5.8) = k(s E)p(E x(E))dEds |

= [ [ 10,5 - 9, (5. 8k, (5.5) k(5. E)(E x(E)dE ds

<[, (5.8) - 0, (.8) 2

k, (5,8) - k(5.8

omn™), if k,=LM k,
= : (3.28)
O(n™),if k,=(L,® M )k.

Hence combining the estimates (3.26)-(3.28) with the
estimate (3.25), we obatin

om™), if k,=LM k,
= ’ (3.29)
O(n™),if k,=(L,® M )k.

||x—5cn

oo

This completes the proof.

Remark 2 In the above section, we have discussed the
degenerate kernel method and iterated degenerate

kernel method for Fredholm-Hammerstein integral
equations and obtained the error analysis. From
Theorems 4 and 5, we have seen that iterated

degenerate kernel method improves over degenerate
kernel method.

4. CONCLUSION

In this paper, we have discussed the degenerate kernel
method and iterated degenerate kernel method for
linear Fredholm integral equations and Fredholm-
Hammerstein integral equations and obtained the error
analysis. We have seen that iterated degenerate kernel
method improves over degenerate kernel method in
both the types of integral equations.
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