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Abstract: Reswick and Rogers model is not valid for predicting the effects of short- and long-time tissue exposures to 
contact pressures because it lacks intercepts. A different model, without those asymptotic properties, that could fit the 
shape of the curve well, could potentially provide useful information. We used modeling to test the hypotheses that an 

exponential model could fit Reswick and Rogers pressure-duration curve, and, if so, to determine the order of the best fit 
exponential model. Up to four exponential sum models were fit. Three exponentials provided the best fit [Weighted sum-
of-squared residuals 72, Akaike Information Criterion 89, r=0.997]. Thereby identifying three homogeneously distinct 

anatomical pressure-load containing tissue compartments: skin, fat, and muscle. A fourth compartment, bone, could not 
be identified because of limited resolution of the data. Our results suggest that the fat pressure-load containing 
compartment may play an adaptive compensatory preventive role in response to pressure loads—“a cushion effect.” 

Exponential sum modeling of pressure-duration curves provides a new approach for studying the dynamics of 
compression in normal and disease states in humans, and it may be useful for practical application at the point-of-care to 
assist with prevention and treatment of pressure ulcers. 
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INTRODUCTION 

Exponential sum models are commonly used to 

investigate systems of biological interest in 

biochemistry [1], ecology [2], physiology [3], and 

pharmacology [4-6], and they play an important role in 

developing an understanding of real human systems 

[7]. These models have served as mathematical probes 

for sampling inaccessible regions of the body [3, 8-10], 

so they may be useful for quantifying biomechanical 

responses of human tissues to externally applied 

pressure loads in vivo. 

Mathematical modeling is becoming increasingly 

popular for the description of biomechanical processes. 

Recently, six mathematical functions used in 

biomechanical modeling to investigate cell and tissue 

damage have been studied [11]. Surprisingly, however, 

exponential sum models were not included. This is 

probably because exponential sum models have not 

been used to investigate deep tissue injury in 

biomechanical engineering [12]. But, in the closely 

related area of wound management, the area of skin a  
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pressure sore covers over time decreases 

exponentially [13, 14]. Therefore, this approach might 

provide new insight into the dynamics of the Reswick 

and Rogers [15] pressure-duration curve in humans. 

Reswick and Rogers [15] linked level of skin-to-

surface interface pressure, or contact pressure [PC 

mmHg], to PC duration [t hr]. They found a hyperbolic 

relationship between PC and duration [15]. Because a 

hyperbola does not have a y- or x-intercept, Gefen [8, 

16] concluded that the Reswick and Rogers model is 

not valid for predicting the effects of short- and long-

time tissue exposures to PC. However, Gefen [16], 

identified a predictive domain of validity for the Reswick 

and Rogers model. This indicates that the problem with 

the Reswick and Rogers model is its asymptotic 

properties. A different model, without the asymptotic 

properties of their model, that could fit the shape of 

their pressure-duration curve well, could potentially 

provide useful information. 

Therefore, modeling was performed to determine 

whether the Reswick and Rogers [15] pressure-

duration curve could be fit using a sum of exponentials 

model, and, if so, to determine the order of the best fit 

exponential model.  
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METHODS 

Data 

The data for exponential model identification was 

extracted from the published Reswick and Rogers [15] 

pressure-duration curve using established methodology 

[17, 18]. Digital reconstruction of their pressure-

duration curve for numerical identification was 

performed as previously described by Boston and 

Moate [19, 20]. Subject demographics and 

experimental protocols have been fully described in 

Reswick and Rogers [15]. 

Modeling 

The Reswick and Rogers [15] pressure-duration 

curve data was of type, 

   
y(t) = f t;p( ) ,           (1) 

where t is time and p is a P-dimensional vector 

containing the set of p parameters in f to be estimated. 

The exponential sum models chosen for fitting were: 

  

y
i
(t) = A

i
e i

t

i=1

4

,  A 0,   
i

0.          (2) 

The measurement error was assumed to be 

additive, independent, Gaussian, with a mean of zero, 

and a standard deviation determined from the data. 

Modeling was performed using WinSAAM [21]. A 

nonlinear weighted-least squares estimation method 

was used to estimate the unknown parameter vector  
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The weighted sum-of-squared residuals [WRSS] 

objective function is: 

   

WRSS p( ) = w
i

i=1

N y t
i( ) y t

i
,p( )

SD t
i( )

2

         (4) 

where N is the number of observations, [ y t
i( ) y t

i
,p( ) ] 

is the error between the observed and predicted value, 
respectively, for each PC sample time ti, SD[ti] is the 
standard deviation of the measurement error, and wi is 
the weight assigned to the i

th
 datum. 

The exponential model fits were evaluated on the 

basis of visualization, r values, the WRSS[p] and the 

accuracy of the parameter estimates [22, 23]. The 

Cramèr-Rao asymptotic lower bound of the covariance 

matrix was computed from the inverse of the Fisher 

information matrix: 

   

Cov[p]
f

p p=p

Cov[y]
f

p p=p

1

.         (5) 

The derivatives were computed analytically from 
Equation 2 and evaluated at the parameter estimates 

p . The standard deviations of p  were obtained as the 

square roots of the diagonal elements of Cov[ p ]. The 

estimability of the parameters was assessed using the 
coefficient of variation [CV]: 

  

CV(p)=
diag Cov[p]( )

p
100 .         (6) 

A parameter was considered a posteriori identifiable 

[16] if its CV < 50%. This is because the 95% 

confidence interval of an estimate, 

p ± t diag Cov[p]( ) ,           (7) 

where t is the value of the t-distribution with [N, dim[p]] 
degrees of freedom, includes zero if 

  
diag Cov[p]( ) p 2

 
[7]. 

The selection of the best exponential model was 

made on the basis of the Akaike Information Criterion 

[AIC], which accounts for both goodness of fit and 

model parameter number [22]: 

  
AIC=N  ln(WRSS) + 2P ,          (8) 

where WRSS represents the weighted sum-of squared 

residuals at 
  
p , N is the number of data points and P is 

the number of exponential model parameters. The 

nonlinear regression correlation coefficient was defined 

as, 

  

r = 1
SSE

SST
 ,           (9) 

where SSE is the sum of squared standard errors and 

SST is the total sum-of-squared residuals. 

Model Pressure-Load Indices  

Three exponentials gave the best fit [see Results]. 

This means that PC is transmitted through at least three 

homogeneously distinct anatomical pressure-load 

containing tissue compartments [24]: skin, fat, and 
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muscle [tissue compartment i = 1, 2, 3, respectively]. 

The areas under the curve [AUCi] of each exponential 

component quantify the extent of pressure-load on 

each tissue compartment i: 

y
i
(t)

0

 dt = AUC
i
=

A
1

1

+ +
A

i

i

,  i = 1,  2, 3.       (10) 

The area under the first moment curve is 

ty(t)
0
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[
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From Equations 10 and 11, the mean tissue 

pressure-load time [MTPLT] is 

  

MTPLT
i
=

AUMC
i

AUC
i

,  i = 1,  2, 3  ,       (12) 

where MTPLTi is the average time that tissue i can 

sustain a pressure-load of Pav = AUCi/MTPLTi before 

damage ensues. Pav is the average tissue pressure-

load on tissue compartment i. From the exponential 

function, T i equals 2.303/ i represents the time that 

tissue i can sustain a maximum pressure-load of Pmax 

[Pmax = AUC/T i] before damage ensues. The pressure 

half-time [PT1/2] is the time that tissue i can sustain a 

pressure-load equal to 50% of Pav before damage 

ensues. From the exponential function, PT1/2=0.693/ i. 

RESULTS 

The one-exponential model did not fit the data well 

(Figure 1). It fit the shoulder of the curve [0 < t < 2 hr], 

but did not fit the elbow [2 < t < 6 hr] or arm [t > 6 hr] of 

the curve. The two-exponential model did not fit the 

data well either (Figure 1); it fit the shoulder and elbow 

of the curve, but it did not fit the arm of the curve. 

Regardless, the fits produced r values > 0.98 (Table 1). 

Moreover, the parameter estimates of both the one- 

and two-exponential models gave physically realizable 

values, and were accurately estimated (Table 1).  

In contrast, the tri-exponential model fit the 

shoulder, elbow, and arm of the curve well (Figure 1). 

Four exponentials gave no significant improvement in 

the fit over that obtained with three exponentials. The 

tri-exponential model fit was better than the fits of both 

the one- and two-exponential models in terms of 

visualization, weighted sum-of-squared residuals, and 

most important, the Akaike Information Criterion (Table 

1). All of the tri-exponential model parameters were 

also accurately estimated.  

The estimated total three-layer tissue pressure-load 

was equal to A1 [skin] + A2 [fat] + A3 [muscle] = 1184 

mmHg (Table 1). The inset in Figure 1 displays a semi-

log plot of the three distinct linearly decreasing tissue 

pressure-loads identified by the tri-exponential model, 

and their homogeneously distinct anatomical 

 

Figure 1: Observed contact pressures fell rapidly over time. Neither a single- or double-exponential model fit the data well. Note 
that the best fit of the observations occurred with three exponentials. The three exponential model identified three 
homogeneously distinct linearly decreasing tissue pressure-load distributions corresponding anatomically with skin, fat, and 
muscle (semilog inset plot). 
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correlates. The plot shows that PC is rapidly transmitted 

through skin, to fat, but, that it is transmitted through 

fat, to muscle, much more slowly. The transmission of 

PC was dampened by the tissues as reflected by the 

fall in both Pav and Pmax for each tissue i (Table 2). Fat 

tissue dampened the PC by about 83%. 

The AUC indicated that the extent of pressure-load 

on fat was greater than that for both skin and muscle, 

but that it was greater for muscle compared to skin 

(Table 2). Because of the dampening effect of PC 

transmission through the tissues, the tissue MTPLT, 

T i , and PT1/2 were muscle > fat > skin (Table 2).  

DISCUSSION 

The present study demonstrates that a sum of three 

exponentials model is the minimal model that provides 

a good description of the Reswick and Rogers [15] 

pressure-duration curve. We also numerically identified 

the specific sum of exponentials model with the 

minimum number of parameters and assumptions, but 

which still is consistent with the data used to construct 

it. This minimal exponentials model revealed that the 

PC is transmitted through at least three homogeneously 

distinct pressure-containing compartments: skin, fat, 

and muscle; indicating that PC results from the 

interactions of the homogeneous distribution and 

redistribution of tissue pressure loads, and their 

partitioning into more than one anatomical region. Thus 

tissue pressure loads can be modulated through a 

change in one or more of these determinants. 

Numerical identifiability of parameter estimates, i.e., 

uniqueness of solutions, in our study were assessed 

using coefficients of variation. Our results indicate that 

Table 1: One, two, and three exponential models best fit parameter estimates, and their corresponding number of 

observations for fitting (N), weighted sum-of-squared residuals of best fit (WRSS), nonlinear correlation 
coefficient (r), parameter number (P), and Akaike Information Criterion (AIC)

*
 

Parameters 1 Exponential 2 Exponentials 3 Exponentials 

A1 603 (0.5) 500 (5) 650 (1) 

1 0.7398 (1) 0.7702 (9) 1.1469 (3) 

A2  68 (16) 457 (5) 

2  0.1033 (12) 0.4905 (7) 

A3   77 (6) 

3   0.1117 (5) 

    

N 18 18 18 

WRSS 23427.00 110.57 72.33 

r 0.999 0.989 0.997 

P 2 4 6 

AIC 185 92.70 89.06 

*
Values in parentheses are coefficient of variation (CV) of parameter estimates in percent, calculated as 

  

CV(p)=
diag Cov[p]( )

p
100 . A parameter is considered a 

posteriori identifiable if its CV < 50%.  

Table 2: Values of Minimal Triexponential Model Tissue Pressure-Load and Time Indices 

TISSUE i AUC 

mmHg  hr 

AUMC 

mmHg  hr
2 

MTPLT 

hr 

Pav 

mmHg 

T i 

hr 

Pmax 

mmHg 

PT1/2 

hr 

Skin 566 494 0.87 650 2.01 282 0.60 

Fat 932 1903 2.04 457 4.70 198 1.41 

Muscle 686 6081 8.87 77 20.61 33 6.20 

AUC is area under the curve of tissue i (Text Eq. 10); AUMC is area under the first moment curve of tissue i (Text Eq. 11); MTPLT is the mean tissue pressure-load 
time for tissue i. It represents the average time that tissue i can sustain a pressure-load of Pav = AUCi/MTPLTi before damage ensues; Pav is the average tissue 

pressure-load on tissue i; T i equals 2.303/ i is the time that tissue i can sustain a maximum pressure-load of Pmax (Pmax = AUC/T i) before damage ensues; The 

pressure half-time (PT1/2) is the time that tissue i can sustain a pressure-load equal to 50% of Pav before damage ensues: PT1/2=0.693/ i. 
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our model parameters were both uniquely numerically 

identifiable and estimable. Exponential functions are 

mechanistic as opposed to statistical model functions 

that could also have fitted the data well. Neither a high-

order polynomial function nor a statistical model could 

have identified the compartmental tissue compartments 

identified in this study. 

A goal in this study was to begin to address the 

heterogeneity of distribution of pressure duration for 

use in bedside clinical diagnosis in the course of 

treatment of pressure wounds. Our goal was not to 

provide a detailed biomechanical account of the three 

dimensional stress states that tissues are exposed too, 

not to study the influence that bony prominences would 

have on creating focal tissue deformations and 

stresses, particularly at bone-muscle contact regions. 

These are irrelevant at the bedside.  

Sopher and coworkers [25] found that they could 

modulate internal tissue loads by varying fat and 

muscle tissue mass determinants. In our model, 

varying fat and muscle tissue determinants means 

manipulating the eigenvectors and eigenvalues of our 

model, the Ai and i, which correspond to tissue 

pressure loads and their transmission rates, 

respectively. Using finite element modeling [26], tissue 

pressure load is heterogeneously distributed between 

skin, fat, and muscle tissue. The upper 95% confidence 

interval for total tissue pressure load is 1146 mmHg, a 

value which differs from our models prediction of 1184 

mmHg by only 3%. 

The standard value for capillary closing pressure is 

32 mmHg [27]. This value has been confirmed by 

McLennan and coworkers [28] and numerous other 

studies [29, 30], although a value of 29 mmHg has 

been reported for women [31]. We found that Pmax for 

muscle tissue was equal to 33 mmHg. This value 

coincides with estimated critical capillary closing 

pressures. Moreover, our model predicts that muscle 

tissue can only sustain such a pressure for about 21 

hours, which is consistent with the notion that both 

level and duration of pressure-load are important 

determinants of muscle injury. 

Our model overcomes the asymptotic limitations of 

the Reswick and Rogers model [15] identified by Gefen 

[32] because our model does not predict infinitely large 

PC values for short-time pressure load exposures, nor 

does it predict insignificantly small values at long-time 

exposures. Our model predicts that muscle tissue 

cannot sustain pressure loads much longer than about 

35 hours before tissue damage or death occurs. 

Linder-Ganz [33] and Gefen [32] proposed a 

sigmoid model. But, because their model does not 

have an x-intercept, it predicts that tissue can bear a 

pressure load just over 50 mmHg for infinite time. This 

result is in disagreement with known ischemic 

threshold for muscle tissue, and is at variance with a 

report that rat muscle tissue can tolerate internal 

compression stress below 15 mmHg for up to five 

hours [33]. 

Allometric [34] considerations need account to 

appropriately compare between rat and human data. 

The surface factor between a rat weighing 0.3 kg and a 

human weighing 70 kg is 6, and 1 hour of human time 

is equivalent to 3.9 hours of rat time. Thus, 15 mmHg 

internal compression stress applied to a rat, is 

equivalent to 2.5 mmHg compression stress applied to 

a human. Moreover, 5 rat hours are equivalent to 1.3 

human hours. Thus, the sigmoid pressure-time model 

predicts that a human can sustain a 2.5 mmHg 

compression stress for 1.3 hours before tissue damage 

occurs. This prediction is not reasonable. 

Spinal cord injury veterans gain appreciable 

amounts of weight [35]. Our finding that PC 

transmission was slowed through fat compartment 

suggests that weight gain may play a short-term 

adaptive compensatory preventive role in response to 

pressure loads in patients with spinal cord injury—“a 

cushion effect.” In addition, when considered in light of 

findings of Sopher and colleagues [25], our finding also 

suggests that there is a “cut-off point” where 

overweight becomes harmful instead of protective. 

More research, however, is needed to determine 

whether a layer of fat, such as that found in overweight 

but not obese individuals, provides a protective 

“cushioning” effect towards prevention of pressure 

sores. 

Our results may have important implications for 

interpretation of biomechanical modeling studies 

utilizing mathematical functions to fit pressure-time or 

tissue cell death-time curves [11]. All three exponential 

sum models tested provided reasonable parameter 

estimates with associated r values > 0.98. Thus model 

selection required it be made on the basis of statistical 

criteria [22, 23]. This approach increases our 

confidence that we chose the “correct” model from 

among competing models. Bone is a fourth 

compartment which could not be identified because of 

limited data resolution. 
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Exponential sum modeling of pressure-duration 

curves provides a new approach for studying the 

dynamics of compression in vivo. 
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