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Two Integral Operators Defined with Bessel Functions on the Class

N(B)
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Abstract: Using Bessel functions of first kind we introduce new integral operators and show that these operators are in

the class N(f).
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1. PRELIMINARY AND DEFINITIONS

Let U ={z:z<1} the open unit disk and A the class
of all functions of the form:

f(Z) =Z —+ ZG,H.]Z”H (l)
n=l
that are analytic in U and satisfy the condition

FO)= f/(0)~1=0.

Let N(B) be a subclass of A which consists all the
functions f(z) that satisfy the inequality:

7f"(z)
'@

Re{ +1}< B, zeU.

and M(B) be a subclass of A consisting of functions
that satisfy the condition:

Re{zfc’((s)}</3,zeU,B>l.

This classes were studied by many authors, like
Owa and Srivastava in [3].

The Bessel function of the first kind of order v is
defined by

(=D)"(z/2""
/@)= 2 “nT(n+v+1)

The normalized Bessel function of the first kind,
f, :U— ( Cis defined by

Cz @)

_ AV 1-v/2 172N _ S
f@=2T+D 7, @ )"Z+Z4'ln!(v+1)...(v+n)'

n=1
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The Bessel functions of the first kind were studied
by Sz4sz and Kupéan in [4], by Arif and Raza in [1] and
also by Baricz and Frasin in [2].

To prove our main results we will use the following
lemma:

and consider the

(-5++5)
4

Lemma 1.1 [4] Let v>

normalized Bessel function of the first kind f,: D — C,

defined by f,(z)=2"T(v+1)z™"J,(z"*), where J,

stands for the Bessel function of the first kind. Then the
following inequality hold for all ze )

zfv,(z)_1< V+2
£ AV +10v+5

3)

In this paper we introduce two integral operators
using the Bessel functions of the first kind. We define:

£ @Y
1,(£,.8)2) = JH( ()J dr, 4)
and
1, 8)(2) = ]f[( of, d, (5)
’ o (80)7

where f, (z) are Bessel functions of the first kind and

g,(z) are analytical functions.

This operator is derived from the operator defined in

[5].

2. MAIN RESULTS

Theorem 2.1. Let v, >(-5++/5/4) for i=1,n. If
f, (z) are Bessel functions of the first kind and

g (zx)e M(B,) for B, >1, then the operator I(f,,g)(z)) is
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in the class N, where
= V. +2 < —
=1+ N 1+————— |+ Do.B.>1fori=1,n.
77 ;’yr( 4\/,2 +\Ovi+5j ; 1[))1

Proof. From the definition of the class N(fB) it
follows that

Re(l+Mj:l+ ny,.Re vai(Z)
I'(f,,8)(2) o fvi (2)

B z"wp_Re(zg,»(z))

i=1 &(2)

Because f, (z) are Bessel functions of the first kind

it follows from Lemma 1.1 that
,.'(@)
Re
£, (@)
Using this we obtain that:
Ad7(f,.8)2) vV, +2 C
Re| 1 v <1+ _ B..
e[ ) ] Zy[ T oy, +5)+§Gﬁ’

So, it

vV, +2
4v +10v,+5°

follows that where

1(f,.8)(z) e N(1),

+ —_—
—1+ _— ,for =1,n.
Z’/( 47 +10v, +5J +Yob "

i=1

Corollary 2.1. If f,(z) are Bessel functions of the
first kind and g,(z) e M(B,) for B, >1, then the operator

I(f,.8)(2) = JH(];EI;) is in the class N(1), where
0 i=l i

n=1+2y,(1+2v;2]+20'i/3i >1fori=1,n.

p 4v - +10v+5 o

Proof. We consider v, =v,
2.2.

=..=Vv, =V in Theorem

Theorem 2.2. Let vi>(—5+\/§)/4 for i=1,.,n.If
f, (z) are Bessel functions of the first kind defined by

1-v./2

£,@=2"T(v,+1)z""J, ) and g(z)e M(e,) for
o; >1, then the operator I,(f,,g)z) is in the class

N(6), where
m]>1

Proof. Using the fact that the operator I,(f,,g)(z) is
in the class N(0) it follows that:

—
4v +10v, +5

_1+2y £1+ vi+2

( o, (fv,g)(z)J 1+ Re #,'@
1.(f,.8)(2) i WA €9)

2 (zg, (z)] ©6)

i=1 &)

Using Lemma 1.1 we obtain that

7,
Re
[ £, @ J

Because

vV, +2
4v +10v, +5°

g (eM(,) it follows that

Re(zg%(z))J«xi. Using the above relations it follows
82

that the relation (6) is equivalent with
Re[ 1+ el @) o ([ vix2 )
1,(f,.8)z) par 4v +10v +5

S0 the operator I,(f,,8)(2) e N@) where

V. +2
0=1+ l+—"———+0q,; [>1fori=1,.,
ZYE 42 +10v,+5 ] A

i=1
Corollary 2.2. Let v, >(—5+\/§)/4 for i=1,.,n.If
f, (z) are Bessel functions of the first kind defined by

£, (2)=2"T(v, + 1) "], (z”z) and g,(z) are starlike

functions of order ¢, then the operator

v

o i=l g,(t

is in the class N(0), where

_1+2 jp—Vit2
P 4v: +10v, +5

Proof. We consider 7,

+aij>1

=..=7y,=1 in Theorem 2.2.

Corollary 2.3. Let v>(—5+\/§)/4. If f,(z) are
Bessel functions of the first kind defined by
£, (=2"T(v+1)77"J, (") and g(z)eM(a) for

Z n 14
o >1, then the operator Il(fv,g)(z)=JH(%)

in the class N(6), where

v+2 )
+o |>1.

O=l+ny| 1+ ————"——
y( 4v’ +10v+5
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Proof. We consider v, =..=v, =v,o, =tt, .=, =«
and y,=..=v, =7 in Theorem 2.2.
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